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1 Introduction

The ultimate goal in this bachelor thesis is to show that the ring of modular
forms with integer weight for two specific subgroups of SLa(Z), namely I'y(2)
and I'1(3), is generated by two fixed modular forms. In order to do so, we
need three main ingredients:

® Of course, the two basic modular forms for the subgroups announced need
to exist.

@ We need an assertion of the form "There are at most x essentially different
modular forms of weight k for the subgroup’.

® We need to assure that we can construct these x essentially different
modular forms of weight k.

The term ’essentially different’” will turn out to mean ’linearly independent’
as the set of modular forms is a vector space.

® will only be mentioned briefly but references will be given where to
find the full proofs for the constructions. @ will be done using the so-called
k/12 — Formula which will give an upper bound on the dimension of the
space of modular forms of a specific weight. On @: We will construct all
modular forms as monomials in the two basic modular forms. In order for
the monomials to be linearly independent, we need the two basic modular
forms to be algebraically independent. This can be shown if one has enough
information about the zeros of the modular forms. The desire for this will
lead to the concept of the "order" of a modular form f at some point z
in HU Q U {oo}. The order will essentially be w¢(z) (the index of the
first occurring term in the Laurent series of f developed around z) up to
multiplication of a number ¢, € {1,1/2,1/3} depending on the point z.

In the next section, we are going to precisely define the terms "SLy(Z)
", "modular form" and so on. In section 3 the k/12 — Formula for SLy(Z)
and for general subgroups will be deduced. Finally, in section 4, we prove
the rings of modular forms for I'y(2) and I'; (3) to be polynomial rings in two
variables.

Summarized the following results have been established:

e The general k/12 — Formula has been extended to the case where the
subgroup I' of SL2(Z) does not contain —Id where in [Ra 77| you will
only find the proof for the case where —Id € T.



e We show that there is only one fixed point orbit for the subgroups
I'9(2), I'1(3). The proof for this was already done in [Sko 92] but we will
prove it without the usage of the Hurwitz summation formula or any
Riemann surface theory. We will only use elementary computations.

e We formally prove the claim from [B 00| (see p. 27, 5th sentence)
that the ring of modular forms of T';(3) of integer weight also forms a
polynomial ring in two variables.

Throughout this document we will follow the notation from [Ra 77].

2 Basic concepts and definitions

2.1 Actions of the modular group and its subgroups

2.1.1 Definition. We define
a b 22
SLy(Z) := c da) € Z } det(T) =ad —bc=1
SLs(Z) is a group. The inverse of T = (¢5) is given by (4, ?). Inn

dimensions this generally follows from Cramer’s rule.

2.1.2 Definition. We define the subgroups

(a) To(2) = {(CC‘ Z) € SIx(Z) | ¢ =0 mod N}

(b) T1(3) = {(‘2 Z) € SLy(Z) | (Z Z) = ((1) 1‘) mod N}

Where the asterisk means that the value is arbitrary, i.e. n =+ mod N 1is
always true for all n € Z.

That these sets are subgroups is shown by an elementary calculation.
2.1.3 Definition. Let I' be an arbitrary subgroup of SLao(Z).

(a) For matrices S, T € SLy(Z) we define the equivalence relation T ~rp
S < FGel)T=G-S and [T|r :={S € SLy(Z)| S ~r T} its
equivalence class. We will in short just write [T instead of [T)r and ~
instead of ~r as it will always be clear from the context which particular
subgroup I' will be meant.



(b) The index of T' is [SLo(Z) : T] := |SLo(Z)/T| := |SLa(Z)/~| where
SLy(Z)/~ denotes the quotient of set modulo equivalency relation, i.e.
SLo(Z))~ = A{[T] | T € SL2(Z)}. 1t is possible that [SLa(Z) : T is

mnfinite.

(¢c) A set R C SLy(Z) is called a system of right representatives (RRS for
short) if it generates SLo(Z)/~ i.e. if {[R] | R € R} = SLo(Z)/~ and
R = R' whenever R # R' for all R,R' € R. In this case we have
[SL2(Z) : T'] = |R| as R — [R] is a bijection from R to SLa(Z)/~.

Given any subgroup H of a group G, we can always select an RRS by
the Axiom of choice, by the Lemma of Zorn respectively if we sort the sets
that contain only Elements x,y s.t. x ~ y with the partial "C"-relation.
Then, every chain possesses a maximal element, namely the union over all its
members. Therefore there must be a maximal element for the "C"-relation
called M. This must be an RRS as all elements are inequivalent and if
there is some class of which no representative is in M, then we simply add
a representative of this new class to M and obtain a bigger set which is a
contradiction. Hence we have shown:

2.1.4 Lemma. For every subgroup I of SLs(Z), there exists an RRS.

Although it is possible that [SLa(Z) : T'] = oo, we will always assume
that this is not the case. This is reasonable, because the subgroups that we
will be concerned about (I'g(2) and I'1(3)) do indeed have a finite index in
SLo(Z).

We will now define the action that we will be mainly concerned about.
First of all we compactify C with the point co using the Alexandroff one-
point compactification (i.e. a set O C C is called open iff. it is already open
as a subset of C in the usual topology or O¢ is compact in C). We then

C :=CuU{oo}

H :={zeC| Im(z) >0}
P

H

We also enrich the multiplicative and additive structure on C by the defini-
tions

00+ 2z =2z+00=00, i:O VzeC
00



Z-00=00"%2=00, g:oo vz e C\ {0}
Note that there is no rule for 0 - co and other special cases.

2.1.5 Definition. On SLy(Z) x C we define the operation "." for T =
(g 2) € SLy(Z) and z € C to be

b —d
Tz=2 + (z€C), Too:= Y and T <> =00
cz+d c c

An elementary computation shows that this indeed defines a group ac-
tion. For this reason, when given S,T" € SLy(Z) and z € C, we will write
STz for (S-T).z = S.(T.z) and Tz for T.z. We now show that "." can
be restricted to a group operation on H as this is the operation we will be
interested in. Let T' € SLo(Z), then T.P C P by definition. If z = 2 +iy € H
is given, then T.z € H because for z = = + iy:

Im(T#) = Im (az+b)

cz+d
1

=Im <(az +0b) (cz + d) + i(cy))
—Tm <[a(x +iy) + 0] - [(cx +d) —i(cy)] - |Cz+d|2>
~Im ({((agg +b)(ex + d) + (ay)(cy))

+i((ay)(cx + d) — (ax + b)(cy))] - W)
= [(ay)(cz + d) — (ax + b)(cy)]m
= [aycx + ady — axcy — bcy]m
= det(T") ’CZ—T—dz

>0

>0

as cz+d # 0 must hold because otherwise z = —d/c ¢ H. So all T' € SLy(Z)
can be regarded as bijections from H to H as the inverse mapping is given



by the inverse of the Matrix which again maps from H to H by the same
arguments as above.
IfrT = (‘cl g) then we also define —T' := (:“ :Z). An important observa-

C
tion is that —7 and T are in ger)l)eral unequal but both define the same action
~b

az+b —1)((—a)z+ —a)z+(—b
as Tz = Czid = E—lggg—c))zﬂ—d)) = E—c))z+((—dg = (=T)z. One may wonder

whether this happens more often. This question will be answered now:

2.1.6 Definition. We define the map
® : SLo(7) — {invertible mappings from H to H}

as ®(T) =T where T:H- H, f/(\z) = T.z. For any subgroup " of SLy(Z)
we also define T := ®(T') and call T' the homogeneous group associated to T.

Because "." is a group operation, ® is multiplicative in the sense that
(ST) = @(5) o ®(T') =: ®(5)®(T). As an abbreviation we will also write
T for ®(T).

2.1.7 Lemma. Let I' be a subgroup of SLy(Z) and T = (¢4) € SLy(Z),
then

(a) c=0=a=d=1ora=d=-1

(b) There are z1, 22, z3 all pairwise unequal such that z; # —%,zi % 00 and
Tz =2z fori=1,2,3 thenT = +Id or T = —Id.

(c) The kernel of ® is {+Id,—Id}.
(d) If —Id € T, then T = Image(®) = '/ ker(®) = I'/{£Id}.

Proof. (a) ¢ = 0 implies 1 = det(T') = ad — ¢b = ad i.e. a,d € Z and
multiplicatively invertible so both must be +1. As they must produce +1
when multiplicated, the cases with different signs are impossible.

(b) We reformulate Tz = z:

az+b

cz—l—d_z

> az+b=c2? +dz(asz # 00,cz 4+ d # 0)
— c?+(d-a)z—b=0

Tz =2 <—

Now this polynomial is of degree 2 but has three different roots. Con-
sequently it has to be the zero polynomial, i.e. ¢ = 0 = b and by (a),
a=d==+l.



(c) ®(T) = Id then T.z = Id.z = z for all z € H then in particular for
i,2i,3i € H\ {o0, —d/c}. Now apply (b).

(d) Application of the first isomorphism theorem from general algebra.

O

We will often be confronted with equations of the form S=T. Asa
consequence of Lemma 2.1.7(c), S = +T or S = —T follows. For brevity
we will from now on write £7 for the fact that the current assertion holds
either for +7 or for —T', so for example ker(®) = {£Id}. We also clearly
want to distinguish between assertions in ®(SL2(Z)) and SLo(Z). With the
"hat"-notation we want to emphasis that we now talk about actions (i.e.
mappings) induced by matrices and with the +-symbol we want to emphasis
that we now work with actual matrices (not mappings!) in SLa(Z).

2.1.8 Lemma. Let I be a subgroup of SLo(Z) having a finite index n =
[SLo(Z) : T, then

(a)
[SLy(Z) : T =

-

2[SLy(Z) : T]  otherwise
In particular, if —Id ¢ T, then [SLy(Z

{[ng(\Z):ﬂ if —IdeT

) : I is even.

(b) If R = {E, ,E;} is an RRS of ng(\Z)/FA, then

_ J{L1 o Ln} if —IdeT
o {+Ly,—Ly,...;+Lpn,—Ly} otherwise

is an RRS of SLy(Z)/T.

(c) If conversely k = [SL(Z) : T] and R = {L1,...,Li} is an RRS for
SLy(Z) /T then if —Id € T, R := {E, ,i;} is an RRS for m)/f
If —1d ¢ T, then precisely half of the elements in R pair up in the sense
that after resorting the Ei, we have

®(L1) ~ D(L(ns2)11), P(L2) ~ @(Linsays2)s s ®(Liy2) ~ @(Ly)

—

and {®(L1), ..., 2(Ly 2)} forms an RRS for SLy(Z)/T.

Proof. (a): follows from (b) and the fact that the size of the RRS determines
the index.



(b): Let n = [SLo(Z) : T and R = {Ry, ..., Ry} (i.e. Ry,..., Ry € SLo(Z)
and R; = ®(R;)) be a RRS for S@) over I'. At first we consider the
case where —Id € I'. Consider the set R := {Rj,...,R,} then we claim
that R is an RRS for SLy(Z) over I The R € R are incongruent for if
R; ~ Rj then there is a G € I with R; = GR; so that ®(R;) = ®(G)®(R;)
which is impossible as R was an RRS. It generates SLa(Z): Let some matrix
T € SL2(Z) be given, then since R was an RRS for S@), there is an
i€{l,..,n} and a G € I" such that

O(T) = (G) - (Ri) = ®(GRy)

so that either
T=+4+GR; or T =—GR;

In the first case, T' € I' - R and we are done. In the latter one we set
G:=—-Id-Gelsothat T =GR, €l -R.

In the case where —Id ¢ I we set Ly = Ry,Lo = —Ry,L3 = Ry, Ly =
—Ro,...and R = {Ll, ...,Lgn} = {—i—Rl, —Ri,+ R, — R, } and claim that
this is an RRS. Incongruity: Assume L, ~ L, so that there are i,j with
€eR; ~ 0R;j, €,0 € {+1,—1}. i # j leads to

which is a contradiction as R was an RRS. In the case R, ~ —R; there is
a G € I' with R; = G(—R;). Canceling out R; leads to G = —Id which is
impossible as —Id ¢ T by assumption. That R generates SLy(Z) is shown
as above where in the case T' = —GR; we cannot take —G € I" but we can
say that T = G(—R;) € ' R as —R; € R.

(c): The case —Id € T is shown analogously to the above. When —Id ¢
I', we create the RRS announced step by step. Firstly, we know that R still

—

generates SLy(Z) as

SLy(Z) = TR = SLy(Z) = ®(SLy(Z)) = ®(I'R) = ®(G)D(R)

It cannot be the case that all ®(R;) are incongruent as otherwise ®(R) was

— —

an RRS so [SLa(Z) : T] = |®(R)| = n & 2[SL4(Z) : I which is a con-
tradiction. Consequently (after resorting the ®(R;)) ®(R1) ~ (R, 2)41)
and thus we can set R() = R\ {®(Rn/2)41)} and still, R generates

S@) Continuing in this way yields sets ﬁ(l),ﬁ@), .... Note that from
step to step, only different pairs of ®(R;), ®(R;) that are equivalent can be

9



involved. We only show this for step 1, the rest works analogously: in step 1,
®(R1) ~ ®(R(;/2)41)- In the next step, it cannot be ®(R;) that is equivalent
to some other ®(R;) for some j # (n/2) + 1 as otherwise

P(R(n/2)41) ~ P(1a) ~ ©(R;)
=3G,H €T GR,p1 = R and HR; = R
—GR/241 = Ri or — GR(p2y41 = Ry

and

HR; = Ry or — HR; = R

The first cases cannot occur as R was an RRS for SLy(Z)/T". So both times,
the second case must be true:

= — GR(n/Q)-H = R; and — HRj =R
= — GR(n/2)+1 = —HRJ'
:>GR(n/2)+1 = HR]'

by multiplying the whole equation with —Id. This is the same contradiction
as above. All the sets ﬁ(l),ﬁ@), ... still generate ng-(\Z) as this property is
preserved from step to step. Thus, R is an RRS if all members of the set
are incongruent. This must be the case for R("/2) a5 otherwise the size of R(®)
determined the index which would then be too small or too big according to
(a).

O

ATTENTION! As we have seen in the lemma above: it is of crucial
importance whether we mean the homogenized versions (= actions) induced

by the groups (i.e. f, ng-(\Z) respectively) or the actual group as a set of
matrices (i.e. I' and SLa(Z)).

2.1.9 Definition. Let I' be a subgroup of SLy(Z). On H we define the
equivalence relation z ~p 2/ <= 3G € T z = G.Z’ and the equivalence class
[2]r := {2’ € H | 2’ ~r z}, the orbit of z under the action of I'. Again we
want to suppress the relation to the concrete subgroup as it will be clear which
one is meant from the context. Therefore we always write [z] = SLa(Z).z for
the orbit of z under SLa(Z) and [z] = T'.z for the orbit of z under the action
of the subgroup I'. If x ~ y we also say that x is congruent to y modulo T.

2.1.10 Definition. Let I' be a subgroup of SLs(Z), then a set of points
F* C H s called a proper fundamental region iff. for every z € H, |[z] N

10



F*| = 1. Equivalently one could say that all elements in F* are inequivalent
and {[z] | z € F*} = H/~, i.e. what an RRS means to SLy(Z)/T, F* means
to H/~.

Analogously to the case of an RRS, we can extend a given set of in-
congruent points (or the empty set) to a proper fundamental domain (see
Lemma 2.1.4).

2.1.11 Theorem. Set Fy :={z € C| — J < Re(z) <0 and |z| > 1},F, :=
{z€C|0<Re(z) <3 and |z| > 1}, then F; := Fy UF, U {co} is a proper
fundamental domain for SLy(Z).

Proof. See |[Ra 77|, p. 51, Theorem 2.4.1. O

2.2 Stabilizers and fixed points
2.2.1 Definition. Let T' be a subgroup of SLa2(7Z).

(a) Given a matriz T € T, a point z € H is called a fixed point of T iff.
Tz = z.

(b) z € H is called a fixed point of T iff. there exists a T # +Id € T having
z as a fized point.

(¢c) The stabilizer of z € H, T, is defined to be the set of all such T € T
having z as a fized point. It is a subgroup of I (direct computation!). The
homogeneous version will be referred to as T, = ®(T,) =T, /{(+-)Id}.

Before we start with the main part of this section, we define some special
matrices in SLo(Z) that we will need regularly and compute their fixed points.

2.2.2 Definition.

We have
-1
Vei=z <— — =z
z
— —1=23°
<— z =11

11



and analogously Pz = z <= 22+ 2z +1 = 0. This equation has the
solution p := €2™/3 because

2mi 1 27 0

2 27iy
o°+totl=es“+es +es
= sum over the third roots of unity
=0 (2.1)

by writing the sum as a finite geometric series. Since the coefficients are real,
the complex conjugate o is the second solution. As we will only be interested
in fixed points in H, the solutions —i, 9 will be unimportant to us.

The fixed points of P are therefore o and ¢ and those of V' are +i. Since
+P and —P, +V and —V respectively, to act the same on H, we also found
the fixed points of —P and —V. The same calculation as above shows that
+P? also has the fixed points p and .

We will now formulate our main goal in this section

2.2.3 Theorem. The stabilizers of the points 00,4, 0 € H are given by
SLo(Z)oo = {2U* | k € Z}
SLo(Z); = {£1d, £V}
SLy(Z), = {+Id,+P,+P*}

Summarized we have for arbitrary z € H:

L{+U* | ke Z}L7' = (—Id,LUL™Y)  if z = L.oo for L € SLy(7Z)

STa(Z). = L{+Id,+V}L=! = (-Id,LVL™1), if z = L.i for L € SLy(Z)
L{#+Id,+P,+P?}L=' = (—Id,LPL™"), if 2= L.o for L € SLy(7Z)
{+1d,—1d} = (+1d,—Id) else
(2.2)

in particular the stabilizers are never cyclic. For the homogeneous versions
we have

(®(LUL™Y)) if z = L.co for some L € SLy(Z)
W) _ L{®(Id),®(V)} L1, if z = L.i for some L € SLy(Z)
z L{®(Id),®(P), ®(P?)}L~", if 2= L.o for some L € SLy(7)
{®(Id)} else
(2.3)

wn particular all homogeneous stabilizers are cyclic.

12



Proof. Step 1: Figuring out the potential fized points. For doing this we need
a preparatory lemma.

2.2.4 Lemma. Given T = (2Y) € SLy(Z) then either | TrT| > 2 — then
T is of infinite order and its fized points are in R\ Q or T is conjugate to

S = (3‘ ?) € SLy(Z) where S is as shown in Table 1.

Table 1: Possible conjugate matrices for T'

t=a+d=a+d o [ v 0 S

0 0 F1 +£1 0 +V
0 1 P -V 1Py

! 1 U EL o Cp2yeipy
0 -1 —PVIpPy

! 1 P g pyeipy

2 1 k 0 1 Uk

-2 -1 -k 0 -1 —U*

Proof. See |[Ra 77|, Thm. 1.2.3, p. 10. O

Let T = (2%) € SLy(Z), T # Id be given and let z € H be a fixed point
of T. We claim that

fixed points of SLo(Z) in H C [oo] U [o] U [i] (2.4)

where g = 2™/3.

First we want to eliminate the case wherec = 0. If c =0thena =d = £1
and T = +UF or T = —U* for some k € Z where k = +b. In both cases,
Tz = z means z = d = z which implies z = oco. The case d = 0 cannot occur
as T # Id. Consequently, (2.4) is correct for these fixed points. From now

on we assume ¢ # 0. We then rewrite the equation Tz = z as

az—|—b_
cz+d
— az+b=c®+dz

= 2+ (d—a)z—b=0

Tz =2z <—

z

Since ¢ # 0, we find the solutions of this polynomial equation by the p/g-

Formula to be:
~(a—d) £ +/Tx(T)? -4

z =
2c

13



The nature of the roots depends on the sign of the expression under the root.
st case: Tr(T) =0

By Lemma 2.2.4, T a conjugate of £V so there is some L € SLy(Z) with
T = L'V L. We obtain

Tz:=2z < (£L7'WL).z=2
<— +V.L.z=1L.z
<= L.z is a fixed point of £V
< Lz=%i
— z € i

z = —i can never happen as z € H and so Lz € H but —i ¢ H.
2nd case: Tr(T) = +1

Completely analogously, T is conjugate to +£P or +P? or £V 1PV
(£V~1P2V respectively) which is in turn conjugate to P (P? respectively)
so z € [g] in this case (as above, Lz = g can never happen).
3rd case: Tr(T) = £2 Completely analogously, T is conjugate to £U* so
Lz = oo by the (¢ = 0)—case or in other words: z € [00].
4th case: | Tr(T)| > 2 We show that for Tz = z we have 2 € R\ Q so z ¢ H

(i.e. contradiction to the assumption z € H). Note that

2€R\Q <= (a+d)?2—-4€R\Q < (a+d)?—4isnot a square

the last " <= " is shown precisely as one shows that /2 ¢ Q. For if k is a
positive integer with prime factor decomposition pi* - - - p& with, say e; odd,
then

VEEQ=3a,8€7 \/E:% with ged(a, 8) = 1

= 52p(i1 "'p? — OéQ

=pB=p{---, a=p{ - and 2z +e; =2y

= 1 # 0 as otherwise 0 = 2y = 2z + e; = e; mod 2
(Contradiction as e is odd.)

= p; divides a and 3

= Contradiction to ged(a, 5) =1

So all we have to show is that (a + d)> — 4 is not a square. Let t :=
(a +d) = Tr(T) and assume for a moment this was the case, then by as-

sumption 2 —4 > 0 so there was an z € Z \ {0} with ¢* —4 = 2% =

14



(t —x)(t+x) = t? — 22 = 4. The only possible ways to factor the number
4 in Z are given by ((t — z), (t + x)) € {(£1,£4), (£2,£2), (£4,£1)}. By
adding both equations we obtain in the first case that 2t € {—5,—3,3,5},
ie. te{-5/2,-3/2,3/2,5/2} which clearly contradicts the fact that ¢t € Z.
The third case is shown analogously and in the second case we obtain that
x = 0, again by adding both equations. Thus, (a + d)? — 4 is not a square
and therefor z € R\ Q.

In particular we have shown z ¢ R\ QU [oco] U [g] U [i| = T, = {+Id, —Id},
i.e. the fourth line of the claimed case-distinction is correct.

A direct computation shows that, since we have used " <= " only, we can
do all calculations backwards and obtain moreover

fixed points of SLa(Z) in H = [oco] U [o] U [i]

Step 2: The fized points in the orbits of i, o and co. We analyze the nontrivial
fixed points a little further.

2.2.5 Lemma. Let I' be a subgroup of SLy(Z) and xz,y be two congruent
points modulo T" in H, such that there is an L € T' with Lx =y, then

I, =Ll L1
Consequently, for the homogeneous versions (as ® is multiplicative):
T, =®(,)=®LlL,L") = Le[,) L = LT, L
Proof.

Tely < Ty=y
< TLx=Lx (y = Lx)
— L ' TLx ==z
— L 'TLeT,
— Tell, L}

O]

3rd Step: Putting it all together. Step 1 tells us that we only have to
analyze the stabilizers of points x € [oo] U [g] U [i]. Step 2 tells us that it
suffices to compute the stabilizers of the points 7, ¢ and oo itself and thus,

15



this is what we will do now: The "D"-direction has been done right after
definition 2.2.2 so it remains to show:

SLy(Z)ow C {xU" | k € Z}: Let T = (%) € SLy(Z) so that a/c = T.c0
0o. The only possibility is ¢ = 0 and hence ¢ = d = +1 and thus T =
(45) =U".

SLo(Z); C {£Id,£V}: Let T = (%) € SLy(Z) so that (ai +b)/(ci +d) =
T.i=1. Then ai + b ='i(ci + d) = —c + di. Comparing real- and imaginary
part yields b = —c,a = dso T = (4 ). Since £1 = det(T) = a® + b?
the only possible solutions for @ and b are a = 0,b = £1 or vice versa, i.e.
T=+VorT==Id.

SLa(Z), C {#Id,£P,+P*}: Let T = (2 %) € SLy(Z) so that (ao+b)/(co+
d) = T.0 = ¢0. Then ag+ b = p(co + d) and since ¢*> = —(o + 1), cf (2.1),
ao+b = o(—c+d)—c. Writing o = a+1f and comparing real- and imaginary
part yields

ac+b=(—c+da—cand aff = (—c+d)S (2.5)

hence, as 8 # 0, a = (—c + d). Substituting this into the first equation
in (2.5), we obtain b = —c and thus T = ((bjbd) Z). The equation on the
determinant then reads 1 = det(T) = bd + b? + d2. In the case where bd > 0
we have 1 = bd + b +d?> > b> +d> so b = 0,d = +1 (ie. T = +Id) or
b=41,d =0 (i.e. T = £P?) are the only solutions. In the case where
bd < 0 we have 1 = bd+ b +d? > bd+bd +b*> +d? = (b+d)? thus |b+d| < 1
and consequently b4 d = 0. Substituting this into the determinant equation
yields d = £1 (and therefor b = F1 and thus T' = +P).

Now we apply Lemma 2.2.5 to x = i,0,00 and y = L.z in the orbit of z.
According to what we have just computed, this yields

r,=Tp,=LT,L"!

Since ® is multiplicative, the assertion concerning the homogeneous stabiliz-
ers I', follows by

((—1d, X)) = (®(1d), (X)) = (X)
substituted for X =V, P or U. O
Now we want to characterize the homogeneous stabilizers of a subgroup I'

of SLa(Z) with a finite index in the same way. We remark that by definition,
T, =SLy(Z), NT.
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We first note that the stabilizers I', (fz respectively) are subgroups of

—

SLa(Z), (SLa(Z), respectively) by construction. For a finer analysis of the
stabilizer of the points L.oco we need some preparation:

2.2.6 Lemma. Let H be a subgroup of a group G having a finite indez, then
for each element S € G, there is a finite natural number n such that S™ € H
and a unique smallest natural number ng with S™s € H.

Proof. Consider the right cosets [Id],[S],[S?],[S?],... in G/H. Since the
index is finite, G/H 1is finite so at some point, two of the cosets must be
the same, say [S?] = [S7] for some i,j € N and after switching 4,7 we may
assume i < j. [SY] = [S7] implies that there is a T € H such that S = T'S.
Multiplying this equation with S~ yields Id = T'S7 " so S=' =T ¢ H
means that 0 < j — ¢ is one possible n. Now ng := min{n € N | " € H}
exists as the set is not empty. O

2.2.7 Lemma. Let G be a cyclic group, say G = (S) and let H be a subgroup
of G having a finite index, then H is also cyclic and

H=(S"s), G/H ={[Id],[5],...,[S™ — 1]}
and in particular |G : H| = ng where ng is as in the lemma above
Proof. Analogously to the proof that subgroups of Z are of the structure NZ
for some N € N. O]

2.2.8 Corollary. Let T be a subgroup of SLa(Z) having a finite index, then
for each element S € SLy (Z) there is a unique finite smallest natural numbers
n such that S™ € T.

2.2.9 Corollary. Let I' be a subgroup of SLa(Z) having a finite indez, then
for each element S € SLy(Z) there is a unique finite smallest natural numbers
n such that S™ € T

Proof. Substitute H =T and G = SLo(Z) (H = T,G= Sm) respectively)
and apply the above lemma. O

2.2.10 Theorem. Let I' be a subgroup having finite index in SLy(Z), then
the homogeneous stabilizers of oll z € H are cyclic. More precisely:

(®(LU" L)) if 2= L.oo
5 _ ) {eUd), eLvL), if z=L.i and ®(LVL™) €T
) {oWUd), ®(LPL™Y), ®(LP2L™Y)}, if 2= L.o and ®(LPL ) €T
{®(1d)} otherwise
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Proof. Tf z ¢ [oo] U [i] U [g] but z € H, then by equation (2.4), SLy(Z), =
{£Id} and therefore I', C SLy(Z), = {®(£Id)} hence T, = {Id}.
The case z = L.co: Given z = L.co, by Lemma 2.3, the stabilizer of

ng@)L.OO is given by (®(LUL™')) with generator S := Sy, := ®(LUL™!) =
LUL™'. For readability we identify L,U,Id with ®(L),®(U), ®(Id) from
now on for the rest of this case, i.e. whenever we write L, U, Id we actually
mean ®(L), ®(U), P(Id). If we apply Corollary 2.2.8 to the generator S of
the stabilizer we obtain unique smallest 777, such that S = LUL L1 e r
and

SLy(Z), /T = {[1d], [LUL ™Y, ..., [LUTE L]}

where [-] denotes the class of "-" in the quotient sz\Z fz . Further, by
z
Lemma 2.2.7, we have

[SLa(Z)} o : Tpo) =L

and R N N N
I {Id, LU”LL_I,LU2RLL_1, } — <LUnLL—1>

The cases z = L.i,z = L.o: Here we see that an ’all-or-nothing-principle’
applies, meaning that either the stabilizer fz stays at its full size or col-
lapses to {®(Id)}. In the case z = L.i either ®(LVL™) in T (then the
s@oi\lizer has size 2 hence is the same as the stabilizer in the big group
SLy(Z)) or ®(LV L) ¢ T, then the stabilizer must be a subset of Sm)z\
{®(LVL™Y)} = {®(Id)} hence it must actually be {®(Id)}. Analogous ar-
guments apply to z € [g] because the difference between P and P? can be
omitted as ®(LPL™') € I <= ®(LP2L™!) € T because in this case,
squaring leads from one to the other (and back!). O

The ’all’-points in H in the ’all-or-nothing-principle’ of the homogeneous
stabilizers (or more precisely: their orbits) will be of interest later on so we
define:

2.2.11 Definition. Let I be a subgroup of SLa(Z) having finite indez, then
we define the sets

Eo(T) :={[z] CH | z = L.i for some L € SLy(Z) and ®(LVL™ ") € T'}

Es(T) :={[2] CH | z = L.o for some L € SLy(Z) and ®(LPL™") € T}
E(T) := Eo(T) UE3(T'), Ez =Es(SL2(Z)), E3 = E3(SL2(Z)), E =Ea UE3
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Note that these sets do not contain points as it but rather their orbits
modulo the smaller group. The reason for this is that the the describing
quantities of the "behavior" of f do not depend on the concrete point but
rather on the orbit. Also not that proposition 2.3.5 will tell us later that for
different representatives z1, zo of the same fixed-point orbit, the generators of
the stabilizers do only vary by multiplication with elements in T so whether
or whether not ®(LVL™1) € ' (B(LPL™') € T respectively) does not de-
pend on the concrete representative, i.e. Eo(I"),E3(I") are well definitions.
Described in a visual way, let R = {R\l, s ]/%;} be an RRS for S@)/f,
then the orbit [i] decomposes into a disjoint union of sevaral ’smaller’ orbits

[i] = SLy(Z).i = T.R.i = T {Ry, ..., Rp}i = [R14] U ... U [Ry.i]

and Eq(T") collects all those ’smaller’ orbits for which the stabilizer does not
collapse.

2.2.12 Remark. Note that in this case we used the homogeneous versions of
the groups all the time. This is very important in this case: by the usage of
the term "fized point" we mean that there is an action in the set of actions
induced by the subgroup that leaves the point fized. We do not want the
matriz in I to have a certain sign. For example: we will show in Theorem
4.3.1 that the subgroup I'1(3) possesses only one fived point (orbit), namely
the orbit of Q@ = 1/2 + iv/3. The matriz that leaves Q fized is T = (:g %)
T s conjugate to —P but we will also show in 4.3.1 that there is no matrix
T € T'1(3) conjugate to +P. As in the case for SLy(Z), the inhomogeneous
stabilizers are not cyclic but as they are uninteresting to us we will skip the
exact analysis of them.

2.3 Cusps and their width

2.3.1 Definition. (a) For T a subgroup of SL2(Z), z € H, the set trp(z) =
{[w] | w € [#]} is called the trace of z (modulo T"). Again, we will sup-
press ' and will just write tr(z) in place of trp(z).

(b) Representatives of the equivalence classes in tr(oco) are called cusps and
their class in tr(oo) is called cusp orbit. We will also denote cu(I') :=

tr(oo).

It is easy to see that whether or whether not w € [z] does not depend
on the concrete representative of [w] so tr(z) is well-defined. Also note
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that a direct computation shows that after choosing an RRS for SLa(%) /T,
R ={Ru,..., Ry}, we have

{[w] | we [z]} =SLa(Z).2/~ =T R/~ =T.Ry.2U...UT.Ry.2,

i.e. for knowing the trace of z it suffices to translate z with an RRS and
then consider the orbits of all these finitely many RRS-translations of z.

2.3.2 Example. In SLy(7Z), the cusps are given by P (recall that P = Q U
{o0}). This can be shown as follows: Let any a'/c be in Q. By canceling
out every possible divisor we achieve o’/ = a/c and ged(a,c) = 1. From
general algebra we know that then, there are integers b,d such that ad —bc =
ged(a,¢) =1, i.e. the matric T = (2Y) is in SLy(Z). Now d'/¢ = afc =
T.00 € SLy(Z).00 = [o0] C QU {oo} =P.

2.3.3 Example. The subgroup T'g(2) possesses two cusps and the trace of
oo is {[0], [oc]} and 0,00 are incongruent modulo T'o(2). Justification: to
show: {[w] | w € [o0]} = {[0], [oc]}. "2": 0,00 € [00] as Id.co = oo and
(%8).00=0. "C" let w € [o0] = P s.t. w # oo, then w = x/y for
some x,y € Z and by canceling out all common divisors we may assume
ged(z,y) = 1 so there are inlegers u,v such that ux + vy = ged(z,y) = 1.
Ist case: y is even, then T = (;’f _u”) € I'0(2) as y is even and det(T) =
zu — y(—v) = zu+ yv = 1 and furthermore, T.oo = x/y = w so w €
[oco]. 2nd case: y is odd. We may assume that u is even as otherwise we
can also set v = u — y,v' = v + x and still solve vz + v'y = 1 because
vr+vy=(u—yr+ v+az)y =ur+vy+ay—axy =ur+vy =1 but
this time, W' =u—y =1—1=0 mod 2. Then, for T = (1,3 ) we have
T.0= (i}S)JBiy =2 =wandT € I'o(2) as det(T) = vy—(—u)z = ur+vy =1
and u is even. Consequently, w = T.0 € [0]. Moreover, 0 and oo are
incongruent modulo T'o(2). Indeed, given a matriz T = (%) € T'g(2) so that

c is even, then T.0 = % = oo tmplies d = 0 so in particular c and d are even
sothat2|c,2|d=2]ad—bc=det(T)=1 so2|1= contradiction.

Since P = [o0], in SLa(Z), every cusp has the form L.co for some L €
SLy(Z). We now want to define a quantity called 'width’ of the cusp L.occ.
Fix some subgroup I' of SL2(Z) having a finite index. Recall from section
2.2, in particular Theorem 2.2.10, that the stabilizer fz is cyclic for all z € H
and if I, = (+5) then some power of S must lie in I’ (see Theorem 2.2.8)
or reformulated as matrices: there is an ng € N with either +5™ € I" or
—-sns el

20



2.3.4 Definition. Let I’ be a subgroup of SLo(Z) having a finite index and
L.oo a cusp. Let S := LUL™', then S = ®(S) is a generator of the cyclic
homogeneous stabilizer according to Theorem 2.2.10. By Corollaries 2.2.8,
2.2.9, there are unique minimal naturals ny,ny with S €T and 5™ €T.

We define

1. ip = min{n € N | ®(LU"L™!) = S € T'} to be the homogeneous
width of the cusp L.oco.

2. ny = min{n € N | LU"L™! € T} to be the inhomogeneous width of
the cusp L.oo.

There is a detail hidden in this definition. For a given cusp ¢ = L.oco, we
want to write 7., n. and not n7,, ny,. Until now, the width has the possibility
to "look how oo got there", i.e. we have only defined the width for given cusp
and transformation matrix that brings oo to the cusp. In I'1(3) for example,
there are many different ways how to get from oo to 0, i.e. ((1) *01) .00 =10
but also ((1) 171) .00 = 0. The arising question is: are ng,ng as defined with
both matrices the same? The following will answer this positively:

2.3.5 Proposition. Let L, M € SLy(Z) both mapping infinity to the cusp
¢ = L.co = M.oco, then both — homogeneous and inhomogeneous width — do
not depend on L or M but rather only on the cusp c, i.e. ny = ny; and
nr =nuy, so " :=nyp for any L € SLy(Z) with ¢ = L.co" is well-defined.

Proof. Since L.co = M.oo, we have L™ 'M.co = 0o s0 L™*M € SLa(Z)wo
and thus there is a k € Z such that L='M = 4+U*. Then the matrix S
mentioned in the definition of ny and njs is actually the same. In the "4"
case we have

Sy =MUM'=LUUU L' =LUL ' =5,

so in particular for any n € N, Sy, € I' <= S} € I' so ny, = ny in this

case. In the "—" case we have

Sy =MUM™ = (~L)YURUU (L7 = (APLUL = 5y,

so in particular for any n € N, S}, € I' <= S} € I' so np, = nys is also
valid here. In the homogeneous situation the different sign does not matter
at all as

LM = +U* = &(M) = &(L)D(U)*

anyway. O
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Although this may look a little complicated, it eases up the main proofs
afterwards because for a cusp ¢ € P, we directly want to consider an arbitrary
(but fixed) matrix L € SLy(Z) that brings co to ¢ and the notation ny, already
includes this. Remark that we follow the notation of [Ra 77| here.

The distinction between n7, and ny, is necessary as in some situations they
are unequal. As this case will have an impact on the calculations afterwards
we will separate these cases more clearly:

2.3.6 Definition. Let ¢ = L.co be a cusp, then c is called a regular cusp if
Ne = N, otherwise it is called an irregular cusp.

2.3.7 Example. Irreqular cusps exist: Take T' = T'1(4) then for the cusp
1/2 = L.oo = (41}).00, we have S := LUL™' = (Z}3}) so S* ¢ T but
—S el sonr =1 butny > 1.

2.3.8 Remark. If nr % nL, then ng = 2nr. Set S = LUL™Y, then by
definition of nL,iS"L €T but +S" €T is impossible as then nL < nr
(and np < nyp is clear anyway) but ny, # np was assumed, so —S"L ¢ T,
Consequently, S*"L = (—Sﬁz)2 e I'-T =T, therefore n;, < 2ny. Assume
ny < 2ny, i.e. np = ng +r for 0 <r < ng, then S™t er,—S"7 el =
(=S"L)"1 el s0 =" = ST . (=1). S = §" . (=S"L)~L € T and thus
np <r < nyr. Contradiction.

2.4 Modular forms

From now on we will assume that k& € Z is a fixed integer. We assume this
because in general (for k € R), z,w € C, (2w)* # 2*w* but of course, for
integers this works and this will ease up some of the computations below.

2.4.1 Definition. For T = (%) € SLy(Z) and =z € H we define (T : 2) to
be cz +d and u(T, z) = (T : 2)*.

2.4.2 Proposition. [ST-identity] For any S,T € SLy(Z), z € C we have
(ST : z) = (S : Tz)(T : z) and in particular for S = —Id we have (=T :
z)=—(T:z).

Proof. Direct computation. O

2.4.3 Definition (Modular form). Let I' be a subgroup of SLa(Z) having a
finite index. We define for any L € SLy(Z) (not necessarily L € T'!) the
L-transform of f to be fr, : H — C, fr(z) = mf(Lz) Each function
f :H — C that possesses the properties
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(I) f is holomorphic on H.

(II) f transforms under T': for all T = (25) €T, f(T.z) = (cz+d)* f(z).

(111) For every L € SLy(7Z), fr, has a Fourier expansion of the form
o
fL(z) _ ZaneQTrinz/nL
n=0

for suitable (an)neny C C.

1s called ¢ modular form for I' of weight k.

For a subgroup T’ of SLa(Z), the set of all such f of weight k will be
referred to as M (T, k) and the set of all modular forms in general (of arbitrary
weight) will be denoted M (T").

Throughout this document (if not explicitly defined otherwise), f will de-
note a modular form for a subgroup I'.

We remark that if f is a modular form and G € T, then fo = f. We now
want to get a better understanding of condition (III). The following theorem
states that (ILI) consists of the requirement that the coefficients start with
a positive index (i.e. that a, = 0 for n < 0) and not in the condition that a
Fourier expansion exists, because this is an implication from conditions (I)

and (II):

2.4.4 Theorem. Let I" be a subgroup of SLo(Z) of finite index and f be a
function that satisfies condition (I) and (II), then

(a) fr is np-periodic, i.e. fr(z+np) = fr(z) Vz€H
(b) There always ezists a Fourier expansion of fr of the form

fL(Z): Z ane2m'nz/nL

n=—oo
possibly containing an infinite number of terms carrying a negative index.
Proof. (a): Let L = (g gi) € SLo(Z) and define § = LU L', By defini-

tion of ng, S € I'. Also note that LU™ = SL. With this we can write
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fL(Z + ”I”LL) = fL(UnLZ)
_ Wf(LU"Lz)
= @ 58
1

= T O (S: L2)*f(Lz)

(f satisfies (IT), S € T)
1 1

= (5 L2)*(L : 2)*

(L:U"z) £/ (L2)

(L:z)
i=9(2) =fL(2)
= 9(2)fL(2)

It remains to show that the function

(S : L2)K(L : 2)*

9527 T Ui )k

is constantly one:
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_ (S L)L)t
(L:UnrLz)k
(U™ L) L2)(L: 2)\"
(L: U”Lz) >

(S=rLUumrL™

UnL )(U"LL 1. Lz)(L : Z)>k by (2.4.2)

(L:Un"Lz)

it
( P .
|

nr, . 1 > .1~ Tz
(L77) (U ML 1 Lz)(L : 2) by (2.4.2)
(L' :2)]F
(13 Lz+z1]( :2))*

(R ] o z))k

[
[

I3z + 14

(
([Pt ] )
(

l3Z + l4

2miz

(b): Consider the mapping « : z — e "z then a maps H surjectively
to B1(0) = {t € C| |t| < 1} (it 'increases’ the density by ’'pushing’ z € H
to t € B1(0)) and we can make a continuous in the extended topology by
setting a(oo) = 0 i.e. o "switches" the roles of 0 and co. One of the many
"inverse" mappings is given by S : ¢t — ng Log(t)/2mi in the sense that
a(B(t)) = t. This mapping is neither holomorphic nor continuous because
Log is discontinuous in all z € R™. However: the map G : B1(0) \ {0} —
H, G(t) = fr(B(t)) is actually holomorphic: For ¢y € B;(0) we first select
a branch of the complex logarithm that exists in an open neighborhood U
around to, Log;;. Then, the function Sy : ¢ — nr Logy;(t)/2mi and hence
Gy :t— fr(Bu(t)) is holomorphic on U as a composition of such. Now we
use (a) to show that Gy (t) = G(t) for all t € U. For all t € U we know from
complex analysis that Logy(t) = logg |t| + i ph(t) + 2mid = Log(t) + 2mid

25



where d = dyy € Z only depends on U. Hence
Gu(t) = fL(Bu(t))

=f nr LOgU (t)
L 271
B nr Log(t)  2widng
=/ < omi | 2m )
= fr (nL ;;:Zg(t)> (as fr is nz-periodic and d € Z)
=G(t)

So G = Gy is locally holomorphic on U around tg. The same arguments
apply to arbitrary to € B1(0) \ {0} (using a localized branch Log,, of the
complex logarithm for every ty). From complex analysis, we now know that
for the function G, a Laurent series exists around 0:

G(t) = Z ant™

Note that we have by construction G(t) = fr,(nr, Log(t)/2mi) so if any z € H
is given, then

G(e?™/mL) = f1 (ng, Log(e?™/™0) j2mi) = fr(np2miz/2ming) = fr(2)
i.e. in short f(2) = G(a(z)). Hence:

ful5) = Gla() = 3 ane "i

n=—oo

O

2.4.5 Remark. Note that in the computation of 2.4.4(a) we explicitly used
the difference between ny, and ny, i.e. in general, the function fr, is not ny,
periodic for if k is odd and +S ¢ T but —S = —LU™ L7 €T (i.e. in the
case where ny, # nr ), the step

f(SLz) = (S : Lz)*fr.(Lz)

s 1nwvalid as +S is not in the subgroup anymore. Still, —S € T" and S,—S5
induce the same action so one could write

f(SLz) = f(—SLz) = (=1)*(S : L2)* f1(Lz2)
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and all in all we therefore obtain

fu(z+nr) = (=1)g(2)fr(z) = = fr(2)

50 in particular, if k is odd, the only form being ny, periodic is the zero form
(fr(z) = fo(z + nr) = —fr(2) implies fr(z) = 0 for all z € H and hence
f(2) =0 for all z as z — Lz is a bijection).

2.4.6 Definition. The functions G and 8 that have been used in the proof
above for the cusp L.oo will be called G, and By, from now on, i.e.

Gr: B1(0)\ {0} = H, Gr(t) = fr(h(t))
ny, Log(t)
27

AL : B1(0)\{0} = H, Br(t) =

Moreover we will write q;, = €>™*/™ in place of ar,(z) (in order to emphasis
the role of t = e2™*/"L a5 a new variable) and q = €>™%.

The task of az(z) was to switch the positions of 0 and oo. This can be made
more precise:

2.4.7 Theorem. Let f be a function satisfying conditions (I) and (II), then

f satisfies condition (III)
<= for all cusps L.oo, G, is holomorphic at 0
1 <= f is holomorphic at L.co
1 <= fr, is holomorphic at oo
1 <= fL is continuous at oo
: <= There is a ¢ € C s.t. for all sequences (zp)nen with
Im(z,) — oo, nhﬁ\rgo fr(zn) =c
If these conditions are met, then ag of the Laurent series of G is actually
c. For such sequences, we will write shorter z, — ico and fr,(ic0) = c.

Proof. "=": f satisfies (IlI) then G := G, can be developed into a power

series (which has a radius of convergence 1 and therefore converges uniformly

in B1(0) including 0!), hence G(0) := ap makes G continuous on the whole
2

circle B1(0) with 0 included and by Riemann’s theorem on removable singu-
larities, this already makes G holomorphic. Given any sequence z, — 100,
a(z,) — 0 as the imaginary part controls |e'*| because

‘eiz’ _ ‘eiRe(z)’ ‘6_ Im(z)’

=1 —0 for Im(z) —» 400
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so fr(zn) = G(a(z,)) = G(0) = ayp.

"<": Let ¢ be a constant such that f(ico) = ¢, then we have to show that
G is holomorphic at 0. By Riemann’s theorem on removable singularities,
it suffices to show that G is continuous at 0 so let (t,)nen C B1(0) be a
sequence converging to 0.

G(tn) = fL(B(tn))
nr, Log(t,)
_ 1, <L>

211
—np logg |tn ph(t,
=h@ L%M|+ ;» (2.6)

i=zn

We have n
Im(zn) = 5 - (~ logg [tn]) = oo
T N———
—+00

because as t, — 0, so does |t,| so that logg |[t,] — —oo and therefore
—logg [tn| — +o00. Consequently, G(t,) = f(zn) — f(ico) = ¢ by the
assumption and G is continuous and finally holomorphic in Bj(0) with 0 in-
cluded. Therefore, in a small neighborhood U around 0, G can be developed
in a power series G(t) = D2, bnt". Since power series are unique, the series
from (2.4.4) on B1(0) D U must coincide with the one on U, i.e. a,, = b, for
all n € N. Therefore

n=—oo

f) =Ca) = Y and” = bud"
n=0

and f satisfies condition (III). O

2.4.8 Corollary. Let f be a function satisfying conditions (I) and (1) and
let fr, be holomorphic at infinity in the sense that there exists a ¢ € C such
that fr(ico) = ¢, then c is the first term ag in the Laurent series of G,
respectively in the Fourier expansion of fr. In particular we can check for a
zero af the cusp L.oo by computing the limit of fr for z — ico.

Proof. ay = limy_0 Gr(t) = lim, fL(2) = ¢ where the last equation
comes from the proof of Theorem 2.4.7, formula (2.6). O

Notation: We will use ico and oo in the same way, i.e. if we write f(o0)
we mean f(i00).
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We now want to define the quantity called "order" (of f at some point
20 € H). For zg € H, we already have a term called order: as f is
holomorphic in a neighborhood U around zy there exists a power series
f(z) =0 gan(z — 20)" Vz € U. We define

we(zp) :==inf{0 <neN|a,#0}

A somewhat senseful continuation of w¢(zg) for a cusp zg = L.co would be
the first occurring term in some Laurent series that describes the behavior
of f at L.oo. Since fr — in a certain sense — does this, we define:

2.4.9 Definition. For I" a subgroup of SLo(Z) having finite indez, a cusp
L.co and the Fourier ezpansion Y - ,anq} of fr guaranteed by condition
(111), we define

w(zp) :==inf{0 <n e N | a, # 0}

Again there is a hidden detail in this definition: As in the situation of
n., = nr (see 2.3.5) we write wy(zg) but actually mean wy(L.0c0) i.e. again
we give wy two things: the cusp and the way it got there from oco. The
question now again is whether this term is independent of the way and just
depends on the cusp. The following will answer this positively but it is a
theorem’ as it will also answer a more central question afterwards:

2.4.10 Theorem. Let I' be a subgroup of SLa(Z) having finite index, f a
function that satisfies (1), (II) with weight k € Z and a cusp ¢ = L.oo = M.co
for some L, M € SLy(Z), then fr, =, czanq} and far = Y, cz buqyy exist
by Theorem 2.4.4(b). As ng = ny (see 2.8.5), far = Y ez bndl, ie. we
can chose qr, instead of qyr here. The claim is that there exists d € 7 such
that

2mind

b, = k. an€ mc

k p2mind/ne %0, in particular

where € € {+1,—1} and consequently, as €
inf{0<neN|a,#0}=inf{0<neN|b, #0}.
Thus wy(zo) is well-defined, i.e. wy(L.c0) = wg(M.c0).

Proof. Since L.oo = ¢ = M.oco, we have L™'M.co = 0o so by Theorem 2.2.3,
there is a d € Z such that L~'M = eU? for some € € {+1,—1}. Then the
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following relation holds:

Z ang} = G (e¥™*/™) = Gr(qur)
nez

= fu(2)

= e ) (+LU"z = ~LU™.2)
1

= Loz r HE D)

_ e’“Wf(L.(z +d))

= " fr(z+d)
27rid/nc)

= ekGL(qLe

k 2mind n
= Z(e e me an)qr

nez

The uniqueness of Laurent series (applied to the functions ¢t € B1(0)\ {0} —
2mind

> nen(€be ne ap)t™ and t € B1(0) \ {0} — >, c7 ant™ which coincide on
B1(0) \ {0} according to the above) now implies that these series have to
coincide component wise which is the assertion claimed. ]

This theorem also gives another major insight into condition (III). In-
stead of verifying (III) for every L € SLo(Z), it suffices to verify this condition
at each cusp, i.e. (III) is not a restriction of the "general behavior" of f but
rather only a restriction of the "behavior near each cusp":

2.4.11 Theorem. Let T be a subgroup having finite index in SLo(Z), [ a
function satisfying (1), (I1I) and let z1 = L1.00,...,2, = Lp.00o € P be a
system of representatives for the cusp orbits of T, i.e. cu(I') = {[z1], ..., [zn]}
and let f satisfy (I1I) for L, ..., Ly, then f satisfies condition (III) for all
Le SLQ(Z).

Proof. Let L € SLa(Z) and since L.co € cu(I'), there is an m with L.co =
Ly,.00. Using Theorem 2.4.10, we see that the Laurent expansions of G,
and G, are the same up to multiplication of a nonzero constant, i.e. since
Gr,, starts with a term carrying a positive index, so does Gp.. O
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2.5 Examples of modular forms

We will now construct modular forms of weight 4 for I'g(2) and weight 3 for
I'1(3) respectively. We need the following preparatory results:

2.5.1 Proposition. If some function f of weight k € Z transforms correctly
under matrices X,Y € ', then it also transforms correctly under X - Y.

Proof.
f(X-Y2)=f(XY2)= (X :Y.2) f(Y.2)

= [(X V) (Y )] f(2) "2 (XY 2 2)F ()
OJ

The assertion of this proposition is that in order to verify condition (II), we
may only verify this condition for generators of the subgroup. Therefore we
need to see that I'1 (3) and I'g(2) are generated by a few — hopefully relatively
simple to handle — matrices. This is indeed the case:

2.5.2 Lemma. (a) I'g(2) as a group is generated by the matrices

/-1 0 (11 o1 (10
m_(o A)U—Q)J,VUV —(41>

(b) T'1(3) as a group is generated by the matrices

(11 5.1 (1 0
v=(p 1) Vo= (4 )

Proof. (b): First we need two intermediate results:
Ve,y € Z,y #0=3Im € Z |z +my| < |y *)

Since y # 0 so is |y| so that, using the euclidean algorithm, we can write
x = kly| +r where k € Z,r € N,0 < r < |y| and hence we have

|z — kly|| = = — kly| asx —klyl=randr >0
=r <yl

So if y < 0 then |y| = —y and m = +k will do, otherwise we select m = —k.

2
Va,y € Zy #0=Im e L |z +my| <yl (%)
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Using (*), we obtain m € Z so that |z + my| < |y|. If |x + my| < 2/3|y|
already holds then we are done. Otherwise we have |y| > |z + my| > 2/3|y|
and distinguish the following cases:

1st case: x + my < 0, then we have

2
— |yl <z+my< —glyl
2 1
0=~y +lyl <z +my+lyl < —g\y! + ly| = g\yl
1 2
=z +my + |yl| =z +my + |y| < g!y\ < gly!

So either m + 1 or m — 1, depending on whether y < 0 or y > 0 will do.
2nd case: x + my > 0, then we have

2
g\yl <z+my<ly|
1 2
= — gly! = glyl |yl <z+my— |yl <l|yl— |yl =0
1 2
=lr+my + |yl = —(z +my + [y|) < gly\ < g\yl

So either m + 1 or m — 1, depending on whether y < 0 or y > 0 will do.
Now we begin the main part of the proof: Let M = (2%) be in I';(3).
We will then iteratively construct a sequence

MO = ((11 b1) M@ = (‘12 b2) .

c1 d1 Cc2 d2

such that
le| > |e1] > Jea] > ...

so the |¢;| will form a strictly decreasing chain in N which — after finitely
many steps — has to stagnate at |cy|. We will only show how to get from M
to M as the rest is done inductively. First we see that

rEm AL — <a+mc *)

c *
and

(VUPYV=HEMM = (VUM = ( . *)
cF3ma *

i.e. using U, we can move a in step width of ¢ without touching ¢ and using
VU3V~ we can move ¢ with a step width of 3a without touching c. Using
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(**), applied to a,c, we obtain m € Z s.t. |a + mc| < 2/3|c|. Thus, for the

matrix
M =U™M = (a, *)
C

*

where @/ = a + mec and |a’| < 2/3]c|. the crucial step now is that we can
decrease the size of ¢ using a’: We claim that there is an m' € Z with
lc + 3m/a| < |c|. To prove this we distinguish the following cases:

st case: a’ > 0,¢ > 0. Then

lc —3d| <|e|=c
)
c—3d <c < -3d <0 < d >0V (by assumption)

and

2
—c+3d <c <= 3d <2 — a'<§c

and the latter one is true because o’ = |d’|, ¢ = |c| as both are positive and
la| <2/3[c| by (*¥).
2nd case: a’ < 0,c¢ > 0. Then
le+3d| < |c|=c
)
c+3d <c < 3d <0 < d <0 (by assumption)
and

2
—c—3d <¢c <= —-3d <2 «~— —a’<§c

and the latter one is true because —a’ = |d|,¢ = |c| and |a/| < 2/3]c| by
3rd case: a’ > 0,c < 0. Then
lc+3d'| < |e| = —c¢
)
/ / / 2
c+3a < —c < 3d < -2c <= a <§(—c)

and

—c—3d < —c < -3d' <0 < d >0 v (by assumption)

and the first one is true because a’ = |d'|,(—c) = |c| and |a’| < 2/3]c| by

(**)_
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4th case: a’ < 0,¢ < 0.

lc —3d'| < |c| = —c
)
c—3d < —c &= -3d <-2c &= —d < %(—C)
and

—c+3d < —c & 3d <0 < d <0V (by assumption)

and the first one is true because —a’ = |d|, (—¢) = |c| and |d/| < 2/3]c| by
(**). In any case m’ = +1 or m’ = —1 will fit our needs. All in all we now
have constructed the matrix
MO = yrBy-L.ym. M = < « *)
c+m'd  x
where |c1| = |c+m/d'| < |c|.

Note that the case a = 0 can never occur as M € I'1(3) so a =1 mod 3
but a = 0 implies a = 0. Also note that the case ¢ = 0 may occur but then
we are directly in the situation as if the chain had stagnated and ’start’ the
proof below.

Restarting this process with M) yields M®) and so forth. When the
chain stagnates we have found integers mq,m/, ma, m), ... such that

VUSTN Yy Ly y Tl = (g Z) =W, (2.7
Where the c-entry in W is zero as otherwise we could apply the above once
more and find a c¢yy1 with |eyt1] < |en| i.e. the chain had not stagnated
yet which is a contradiction. It is possible that N = 0. In that case ¢ was 0
from the beginning.

As W € SLa(Z), |z| = |y| = 1 and x,y share the same sign. Actually
they share + as * = —1 would imply that x = 2 =2 1 mod 3 which is
a contradiction because W € I'1(3) as all matrices in (2.7) are. So W =
(37)=U" for some r € Z but then we have shown that

M =U3myy-my-l.. . y-Smyyg-myy-lgr

is in the group generated by U and VU3V ! as desired.

On (a): The proof is actually the same. One needs to see that (**) works
with the factor 1/2 too and finally one ends up with W as above. One then
needs —Id because the case x = —1 can not be excluded. O
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2.5.3 Definition. We define the Dedekind n function to be
2miz :
n(z) — et . H (1 _ eanz) _ q1/24 H (1 _ qn).

neN neN

This function is not itself a modular form but due to the following two
facts it can be used to construct modular forms for subgroups:

2.5.4 Theorem. 7 is well-defined and converges uniformly on sets of the
form
Ss ={2z€C| Im(z) > >0}

for any § € RT.
Proof. See |RS 07, Ko 93|. O

2.5.5 Theorem. 71 satisfies the following transformation rule:

where \/z = el/2108(2) s the branch of the complex root having positive real
part.

Proof. See |Ko 93]. O

2.5.6 Conclusions. 71 is in particular locally uniformly convergent and as a
locally uniformly convergent limit of holomorphic functions it is holomorphic
(by the theorem of Weierstrass). Furthermore, n is holomorphic at ico: With
the use of Cauchy sequences and the uniformly convergence on the sets Ss,
one can show that the well known rule from analysis,

lim lim f,(z) = lim lim f,(2)
Z—2z0 Nn—00 n—o0 2—20

extends to the point z = 100 Hence:

li _ony T n
Jm JL0=a) =110 Jm )
neN neN

=1

With the help of Lemma 2.5.2 and the above transformation rule we can
show that

2.5.7 Theorem. (a) ¢(z) := % is a modular form for T'o(2) of weight

4. It vanishes at the cusp oo and does not vanish at the cusp 0.
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(b) ¥(z) := 7777((3:))39 is @ modular form for T'1(3) of weight 3. It vanishes at
the cusp oo and does not vanish at the cusp 0.

Proof. We need to show that these functions satisfy the three conditions.
Both satisty (I) because n(z) # 0 for all z € H and by the conclusions above,
7 itself is holomorphic. Thus, in both cases the function is holomorphic as a
composition of such. By 2.5.1 we only need to verify (II) for the generators
which we have computed in Lemma 2.5.2. We will only do the following
computations for ¢ as the proof for ¢ is actually completely the same with
different numbers substituted and is therefore left to the reader.

On (a): Set p(z) = 777(724)16
(1I1):

p(Uz) = p(z +1)
02z + 1)
n(z+1)°%
_ <€2m‘2/24)16 [627ri22/24 HneN (1 _Wewmz)]lﬁ
(e2mil/24)8 [e2miz/24T] (1 _Me%mz)]s

_ 627ri(3278)/2490(z)

= ()
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and for VU2V ! we first analyze nominator and denominator:

16
n(2-VUAVLl)0 =y 2
—2z41

([ ) o) e
o
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for the denominator we obtain

8
2v,—1 N8 _ z
n(VUV™.2)° =7 (—2z " 1)
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All in all we obtain for ¢:

2z

o 16
(1 . L)S (ezm/24)16 (627”(2422) HneN (1 MQQWi"(—zlz))>

VUV 12) =

i(—1 3
(2 1) (e2miz/2)8 <e”’(24_z) [Mex (1 _Wezmn(i))>

116

8 -16
(1—5)"\/22/i n(22)'6 (by (2.5.5))

D= e
L1
=T

Under —Id, ¢ transforms correct as (—Id : z)* = (—=1)* = 1 and —Id.z =

Id.z = z.
(I11): Note that we only need to verify (IIT) at the cusps according

to 2.4.11. ¢ vanishes at the cusp oo:

. i 16
lim ¢(z) = lim e*™. (Iers (1 = limayiog €27727))
2—100 2—100 (HTLEN (1 — lim,_yino 627rinz))8
_o U1,
II1

where we were able to switch limit and product as in 2.5.6 explained.
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© is holomorphic and does not vanish at the cusp 0:

vy - 1V

C(VHH) ) oy (255

(V=) nr®

_ izﬁ(_i)s (i)~ B 0/2 o 11 —q"?)
2 A [ - )

so for ¢y (z) we obtain

1

———P(V2)

—1

1 [Ta—=¢"?
%%28 [Ta-q

S ——
—1

Z—100 1
28

where again the convergence of the products follows from 2.5.6.

-1

O]

For eventually proving the main result in section 4 we need two more
modular forms.

2.5.8 Definition. We define the lattices

b A2 = {(1’1,$2,x3) ERS ‘ T1,T2,T3 S Z,I'l +5L'2+£U3 :0}

= <(17—170)7(0717_1)>Z
e Dy,={((1,-1,0,0),(0,1,—1,0),(0,0,1,—1),(0,0,1,1))z

These are the root lattices of the respective Lie algebras. The Theta-series of
some lattice L is defined as the formal sum

Or(z) := Z e

leL
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where (-|-) is the usual euclidean scalar product on R™.

One can show that this series converges locally uniformly and that the
following holds:

2.5.9 Theorem. Consider Dy and As, the root lattices for the respective Lie
algebras. Then the Theta-series corresponding to these lattices are modular
forms:

(a) Oz(z) := Op,(z) is a modular form for T'y(2) of weight 2.
(b) ©1(2) := O4,(2) is a modular form for I'1(3) of weight 1.

Proof. We use [Eb 00], Thm. 3.2, p. 99. Theta series generally do neither
transform correct under all S € SLy(Z) nor under all S € T but in this case
we have for ©y: det(Dy) = 22 =4, n =4, A = 2% and (%) = +1 but as
the Dirichlet symbol is multiplicative and A is a square, (%) = +1 so its
character is trivial. For ©; we have det(As) = 3,n = 2, A = —3 and for any
matrix M = (2%) € T'1(3), we have d = 1 mod 3 and since the Dirichlet
symbol is compatible with this, (%) = (_T?’) = 1 by definition of the symbol
in this case, so ©; transforms correctly for all matrices in T';(3). O]

3 The k/12 — Formula

Modular forms are often given as infinite products or sums so there is no
chance for finding zeros in a direct computational approach. Unfortunately,
finding zeros is exactly what we need to do in order to show that the mod-
ular forms which will generate M (I'9(2)) — M (I'1(3)) respectively — are al-
gebraically independent. Therefore one needs to extract the information
whether or whether not f(zp) = 0 differently. For zy € H, one possibility
is given by measuring wy(z0). If N := ws(z0) > 0 then the Fourier series
(which is actually a power series as f is holomorphic) begins with a term
having positive index, so f(z) = Y00 v an(z — 20)" = (2 — 20)Y - h(2), h
being holomorphic and therefore f(z9) = (20— 20)" - h(29) = 0. It is however
very difficult to measure wy(2o) for some specific zg € H directly. As we will
see: a better way is to sum up all information on all possible zeros (includ-
ing the possible zeros at the cusps), called the total order of f, and then
measure this term. This has two reasons: firstly, this term is equal to a very
nice expression. Secondly, one has put a lot of effort on studying the Fourier
series of the functions fr (mostly the coefficients of these expansions are the
objects of desire) so using Corollary 2.4.8, one has information about the
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behavior of fr at infinity. Substituting the information of the behavior at
the cusps into the formula first mentioned will relate the zeros at the cusps
and actual zeros in H in a very nice way. Thus, the subject is now to show
this equality.

A consequence of the generalized definition of wg(z) is that the order
does not depend on the concrete representative z but only on the orbit
I'z = [z], i.e. wy([z]) := wys(z) is well-defined. Before we prove this we
need a preparatory lemma:

3.0.1 Lemma. Let G be an area, zg € G fizred, f : G — C a meromorphic
function unequal to the zero function and h : G — G a holomorphic bijective
function such that h'(z) # 0 and h™! is holomorphic again, then we have
wy(h(20)) = wron(20), i.e. the behavior of f at h(zg) is the behavior of foh
at zg.

Proof. From complex analysis we know that ws(h(29)) = N if and only if
there is a neighborhood U around zp such that the function r : U — C
with 7(2) = (2 — h(z0)) "V f(2) is holomorphic on U with r(h(z)) # 0.
Analogously, wyon(z0) = M iff. s(v) = (v — 29) "M f(h(v)) is holomorphic at
zo with s(zp) # 0. We show N = M by showing that s with exponent N is
holomorphic at zg with (v—29) ™ f(h(20)) # 0. Let a sequence (v,,)nen With
vn =X 20 be given. Set z, := h(vy). Since h is in particular continuous, we
have z, "= h(zo). Consider the quotient r(z,)/s(vy):

r(zn) _ (= M(z0)) "V f(2n)
s(vn) (v = 20)~N f(h(vn))
(A(vn) — h(20)) "N fkvr]]

= (o 20) VIO (88 2n = h{on)

_ (h(vn) - h(zg)>_N
Un — 20
3 (W (20)) N £ 0 (3.1)

The cancellation makes sense as f(h(vy,)) # 0 for all but finitely many n € N
because either f is holomorphic at h(zg) with f(h(z0)) # 0 (then N = M =
0) or h(z) is a pole of f (then there must be a neighborhood U’ such
that [f(2')] > 1 Vz/ € U'. In the case that h(zp) is a zero of f the zeros
cannot accumulate as f is holomorphic and not the zero function. Moreover,
h'(20)~" is defined as h'(z9) # 0 by assumption. We have shown that
s is continuous in zy5. By Riemann’s theorem on removable singularities,
this already suffices to show that s is holomorphic in zy. Its value at zg is
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computed to be

s(z0) = lim s(v) 22 r(R(20)) 1 (20)N #0
v—20 N, e, nc’
#0 #0
Hence N = M. L]

3.0.2 Theorem. Let I' be a subgroup of SLy(Z), then
(1) V21,20 € H, 21 = 2 mod I' = wy(21) = wy(22)
(1) VL1, Lo € SLo(Z), L1 ~ Ly mod I' = ng, =ng,
(iii) YLy, Lo € SLy(Z), L1 ~ Ly mod I' = np, =nr,

(iv) The first rule also holds for cusps, i.e. L.co ~ L'.oco mod ' then
wg(L.00) = wy(L'.00).

In short: order and width of points and cusps do not depend on the concrete
representative but rather on the orbit. As a reformulation, we obtain the
cancellation rules w¢(T.z) = ws(z), nrp = np and npp = ng for all z €
H,T € T,L € SLy(Z). Consequently, ( = [L.oc] € tr(co), then w(C) :=
w(L.00), n¢ :=ny, and n¢ := np, are well-defined.

Proof. (i): Let zo = T.zy with T = (2%) € I Set the function h : H — H
to be h(z) = T.z. Then, h'(2) # 0 for all z € H as

, az+ b\’
=) = (cz + d)
a(cz+d) — (az + b)c
(cz+ d)?
_ aer+ad —aezr—be
N (cz +d)?
—
det(T)

“(ezvag”?

because Im(z) > 0 and ¢, d are real. Hence we can apply the above lemma
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to f and h and obtain for every 2o € H:
wf(T.z0) = wy(h(z0))

= w(son)(20) (by Lemma 3.0.1)

= w(cz—s-d)k‘f(ZO) (f satisfies (IT))

= W(eztayk (20) Twr(20) (complex analysis)
=0

= wy(20)

Remark that the usage of holomorphicity and the above lemma makes a
separate proof for the cusps necessary.

(ii): Ly ~ Ly modI'= (3T €Tl') Ly =TL;. Let S be the generator of
ng-(\Z) By Lemma 2.2.5,

Lqi.00°

—_—

SLa(Z) 1, 0 = SL2(Z)g 1, 00 = B(T)STa(Z) , (®(T) ! = (TST),

so the generator of the new stabilizer is S/ = ®(T'ST~). To show ny, = ny,
it suffices to show that S € T <= S’ € T since then the minimum is
captured over exactly the same subset of exponents. The iff. holds as T € I
implies T = ®(T) € T so

Sel « TSel «— TST'=8'¢T

(iii): As np = np/c (for ¢ € {1,2} and ¢ = 2 <= —Id ¢ T) for all
L € SLy(Z) by 2.3.8,

i =np,fe 2 np,je =g,

(iv): Let L.oo &~ L'.00 both be in (, then there is a G € T such that
G.L.oo = L'.00. We have to show that ws(L.co) = wy(L'.00). As wy does
not depend on the way (see 2.4.10), we know that ws(L'.c0) = ws(G.L.co)
and we only have to show

wf(G.L.oo) = wy(L.co)
For every modular form f of weight £ we obtain
1
far(z) = (G: L2)*(L: 2)
= f(z)
As ny, = ngr, the Fourier series of both function are completely the same
and in particular their first occurring exponent is the same. O

~(G: Lz)*- f(L.z) (GeT,(II) and 2.4.2)
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3.1 The k/12 — Formula for modular forms for SLy(Z)

3.1.1 Theorem. Let f be a modular form for SLy(Z) of weight k unequal
to the zero form, then the following identity holds:

1 ) 1 k
wy(00) + wr(i) + gwrle) + > wr(©) =15
CeHNFy
¢ & i,0 mod SL2(Z)
Proof. See [Ra 77|, p. 98, Theorem 4.1.4. O

Remark that the sum }°. ., jwy(C) is finite: Assume there were infinitely
many zeros of f in F; (say z1,z22,... sorted in the sense that Im(z;) <
Im(z2) < ...). Using o on all of them, we obtain a sequence t, = a(z,)
(a behaves injective because Re(z,) € [-1/2,1/2)). Hence, in the compact
set B1(0), there must be an accumulation point. Since the z, are ordered in
their imaginary part, |t1| > |t2| > ... so the accumulation point ¢ has to lie
in By, |(0) C B1(0). Consider the associated function from condition (III),
Gra =Y o7y ant™ for the cusp Id.co. As G(a(z)) = f(z), for a subsequence
of t1, 19, ... converging against ¢, we obtain an accumulation point of zeros of
G as

Gltn) = Glalza)) = f(zn) = 0.
Since G4 is holomorphic, G4 is identically and since Laurent series are
unique, a, = 0 for all n € N. Thus,

f _ fId _ Z an62m'nz — Z 062m'nz -0

is the zero form in contradiction to the assumption.
The term on the left in Theorem 3.1.1 is also called the "total order" of f,
for short: tot(f).

3.2 The k/12 — Formula for modular forms for general sub-
groups

We now want to derive a formula for subgroups of finite index similar to the
k/12 — Formula. The tactic to do so is the following: Given a modular form
f for some I' of weight k, we can construct a modular form g for SLo(Z)
having a weight k[SL2(Z) : I']. We then know a relation for the total order
of g, namely tot(g) = k[SL2(Z) : I'|/12. The main question then is: how
to define the "total order" for a modular form for a subgroup of SLy(Z)?
How does the relation of the order of g and the order of f look like? These
questions will be answered after the construction of g.
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3.2.1 Theorem. Let I' be a subgroup of finite index in SLo(Z), f be a
modular form of integer weight k € Z for T' and R a RRS for SLy(Z)/T. Set

9(=) == ] f2(2)

LeR
then g is a modular form for SLy(Z) of weight k[SLa2(Z) : T7.
Before we prove this theorem we need a lemma:

3.2.2 Lemma. Let R = {L1,...,L,} be a RRS for SLy(Z)/T and X €
SLy(Z) fized. For every L € R, there are unique matrices St, Ry, such that
Sp el', R, € R and LX = SpRy. Furthermore the mapping L — Ry is a
bijection on R.

Proof. Existence: Since R is a RRS for I', we have SLy(Z) =T'- R i.e. in
particular for the matrix LX € SLg(Z), there are S € I', R € R such that
LX = SR.

Uniqueness: Assume there are S’ € T', R’ € R with LX = S’R’. Then
S'R' = LX = SR implies S™'S’R’ = R and since 5,5 € T, so is S~19,
so R ~ R’ modulo T". Since both of them come from a RRS, this implies
R = R/. With this, SR = S’R’ = S’R follows. Canceling out R from both
sides yields S = 5.

Bijectivity: Since R is finite, is suffices to show injectivity. Assume
therefore that there are L, L’ both in R, both mapping to R, so there are
S, S’ € T" with

LX=SR, I'’X=SR=R=S"'LX, R=(9)"'I'X
= S'L=RX!' = (8L

= S's7 'L =1
=L~L modT
=L=1"L

since both, L and L’ come from an RRS. If we set Sy, to be the unique S
and Rj to be the unique R as constructed above, we are done. O

Proof of Theorem 3.2.1. We have to show the three conditions. (I) is clear as
every fr is holomorphic as a composition of such, hence g is a finite product
of holomorphic functions on H, hence holomorphic.
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(IT): Let X € SLy(Z) arbitrary and fixed. For every L € R, we obtain
Sr, Ry, as in the lemma above. With this we have:

XZ) = H fL(XZ)

LeR
1
- nga (L : Xz)f(LTZ)
— H M(Lle) H f(SLRL2)
LeR LeRrR
- LI_L#(L :1Xz) LI_L"(SL’RLZ) EgizziﬂRLz)
€ €
(as f satisﬁes (II) and Sg, €T')
= H . H w(Se, Rpz)pu(Rr, 2) fr, (2)
Ler * LeR
=11 u(Ll [] w(Se Bu)n(Be, 2) 11 7.2
LER ’ LE’R LER

e —
=[1fL as L — Ry, is a bijection on R

Proposition 2.4.2 states that (XY : z) = (X : Y2)(Y : 2) for all X,V €
SLo(Z). If we take this equation to the k-th power, we obtain the identity
for 41 in place of (:), i.e. we have u(XY,2) = [(XY : 2)]F = [(X : Y2)(Y :
2F = (X : Y2)P(Y 1 2)F = w(X,Y2)u(Y, 2) (note that this step is invalid
if k& € R because of the falsity of the exponentiation rule over C). Therefore
the fractional term is
p(Sc, Ruz)p(Re,z) — p(SLRL, 2)
u(L: Xz) (L, X2)
_ MLX, z)
- WL, X2)
L XX, 2)
=)

= M<X7 'Z)

Hence

St,Rpz)u(Rp, z
o) = gj”( L) = T )72 = .2t
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The weight is correct because u(X,2)Rl = (X : 2)")BL@T — (x .
2)HSL2(2)T],

(IIT): This condition is actually the easiest one in this case. Since all ff,
are holomorphic at infinity, fr,(ic0) exists for all L € R by Theorem 2.4.7, so
lim, ;00 f1(2) = cp, exists. Then, since R is finite, we have lim, ;0 g(2) =
lim, ;o0 [[ fL(2) = []cr € C, i.e. because Theorem 2.4.7 works in both
directions, g = grgq is holomorphic at infinity. This is all we have to do,
because in SLy(Z), there is only one cusp namely co = I'd.oco and by Theorem
2.4.11 we only have to check (III) at the cusps. O

Although we have proven that g is a modular form, we still need to know
its order at infinity because this is what we are interested in.

3.2.3 Theorem. For the setting as in the last theorem, g as constructed, we
have N N
=1 —u
wg(00) o T + o
Proof. Let [SLo(Z) : T'] = u, i.e. R = Lq,..., L, and wy, (00) = N, i.e. the
Laurent series of the function G, begins with the term carrying the index
Np. Then, since f is a modular form, all f; have Fourier expansions of the
form ZZO:NL an(L)e*™2/"L - For convenience, we set nj =nr,, Nj = N,
A :=lem(ng,...,ny), Aj = A/njfor j € {1,...,u}, r .= Ni/ni+..4+Ny/n, =
(N1A1 + ...+ NyA,) /A and R := 2mir.

o(=) = [ ()

LeR

= fr,(2) - - fL,(2)

= i an(Ll)GQsz/m ( i Cbn(Lu)€27rmZ/"“>

n=N1 n=~Ny
(e.) e.)
_ ezm%zme%ig—sz <Z E;(Ll)e%inz/m) .. <Z a‘;(Lu)eQﬂ-inz/nu>
n=0 n=0
(where an(Lj) = anyn;(Lj))
o
_ e?ﬂirz Z a\l:(Ll)aTu (Lu)627riz(l1A1+..-+luAu)/A
1=0  (I1,....lu)ENY,
h+...+Hlm=l
o0
— e Z ce2miz/A (see below)
=0
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Where the ¢; are sums over terms of the form aj, (L1) - ... - aj, (L,,) with
li + ...+ 1, = 1. In particular ¢g = ag(L1) - ... - ap(Ly) since 0+ ... + 0 is
the only way to sum up to 0 when only natural summands are allowed. In
particular

Co 7& 0 (3.2)

as each ap(L;) = an;(L;) # 0 as it is the first term in the Laurent/Fourier

series that occurs. The validity of the last step in the calculation above is

justified by "collecting the terms" (this can indeed be made more precise).
We now consider a function G : B1(0) — C with

o0

G(t) := Z et

=0

In order to analyze this function further, we define the function ¢(z) to be
q(z) = €*™#/4 First, we claim that G converges. We observe that the
series Y 12, e/ 4 = 37 1 c1q(2)! converges absolutely for all z € H. We
can do the steps from the calculation above backwards and thus decompose
this sum into a finite product of absolutely converging sums (this is the
justification for the Cauchy-product-step). Leaving out the ef**-term does
not change the behavior of convergence. For every t € B1(0), we find a z € H
such that q(z) = t, hence |G(t)| < 312, lallt!] = Y2 lallg(2)!] < co. By
construction we have

e fg(2) = Z qe?™ A = Gq(2)) Vz € H (3.3)

As g satisfies condition (II), g(z + 1) = g(U.z) = (0z + 1)¥g(2) = g(2).
Substituting this into (3.3) gives

2mi

e G(q(2)) = e e (2) = e Mg (2 +1) = Glg(2 4 1)) = G(e T q(2))

Since we find a preimage for every ¢ € B;(0) under ¢ and the rest of the
factors in the last identity do not depend on t or z at all, we obtain for every
t € B1(0) the identity

G(t) = efG(te ™)

If we write G back as its power series we see that

(o]
Z ott = G(t) = teT =l Z ctle s vy
1=0
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Since power series are unique, for all [ € N the identity eRcle% = ¢; holds.
Rewriting this yields

2mil

)] =0 (3.4)

[1 _ (€R+

By (3.2), ¢o # 0 so we substitute [ = 0 and cancel ¢y in the above in order
to deduce

270
1=eft75 = f

i.e. 2mir € 2miZ and consequently r € Z. More generally speaking, if

27l
¢ # 0 then we can cancel out ¢ in (3.4) and see that eft™4 = 1 hence
2mi(r+1/A) € 2miZ. Since r is an integer, /A € Z, so actually, G is a power

series in g(2)4, i.e. we now know the Fourier expansion of g = grq. It is:

o0
g(z) = €% Gla(z)) =€) G’
~ 1=0

series in q(z)

in particular
wg(00) =1 = Ni/ni+ ... + Ny/ny

O]

We now have a first insight on how ¢ distributes the information of "order’
of along the trace of co. In order to see completely through all the structure
and also how the information is distributed along the trace of a point z € H,
we need the following:

3.2.4 Lemma. Given a group G and a subgroup H of finite index and a
specific element s € G, there are natural numbers m,oq, ...,0m, elements
l,...,l, € G and sets L1, ..., Ly, such that

(i) oj =min{n € N | s" € I;'Gl;}
(i) L;={1;s% 1;8%,...,1;87 71}
(iii) UjL, L is a RRS for G/H
Proof. See [Ra 77|, p. 5, Theorem 1.1.2. u

Notation: Eo(T)¢ (E3(T)C respectively) stands for the complement of
Eo(T), (E3(T") respectively) in the all-or-nothing-principle meaning, i.e.

Eo(T)C = {[2] C H | z = L.i for some L € SLy(Z) and ®(LVL™') ¢ T}
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and analogously
E3()¢ = {[2] C H | z = L.o for some L € SLy(Z) and ®(LPL™") ¢ T'}.

The following is the main part of the proof of the k£/12 — Formula for
subgroups:

3.2.5 Theorem. Let T be a subgroup of SLo(Z) with a finite indezx, f a mod-
ular form for ' unequal to the zero form having g as an associated modular
form for SLs(Z) as in Theorem 3.2.1, then we have

SNOEEY D SIS} EED DEN(e

¢etr(i)NEz(T) ¢etr(i)NE(T)C

=3 ¥ wo]+ ¥ e

¢etr(o)NEs(T) ¢etr(o)NEs(T)C

and for z € Fr with z & i, o we have

Loge) = 3 wi(©)

C
Cetr(z)

where c =2 if —Id € ' and ¢ = 1 otherwise.

—

Proof. We know that the stabilizer SLo(Z), is cyclic (thm 2.2.10). We choose

—

S to be its generator and apply the above lemma with G = SLy(Z),H =
I';s = S in order to obtain an RRS

R ={L1,L1S, ..., L1877 Ly, LyS, ..., LyS°*7 L, ... L,,,S7~1}.
:[,1 :»c2

Note that this is an RRS of Sm)/f and not of SLy(Z)/T'! We compute
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the trace of z to be

tr(z) = SLa(Z).z/ ~

—

= SLo(Z).2/~
= fT\’,z/%
= {lez,le Sz ,...,f.Ll. Sal_l.z, }/%

—2 =z
= {T.L1.2,T.Ly.z, ... D.Lp.2} | =
= {Hf.Ll.zﬂ s HfLmzﬂ}
={[L1.2] s .., [Lm-2]}

And the points L;.z and L;.z are incongruent modulo I' for 7 # j, because

Liz~Ljz modl=3Telst Liz=TL;z
= L;lijz =z
= L7'TL; € SLy(Z),
for T = ®(T)
= L7'TL, € SLo(Z), = (S)
= L;'TL; = S"
for somen=do; +r € Nwithd,r e N0 <r < g;
= TL;=L;S%is" = L;S%ip! L;S"
%/
=(L;S7IL7Y)eT by 3.2.4 (i)
= ;8" = (LS LY TL; eT - L;
= (since r < 0;) Lj ~ L for some L € L;
This is a contradiction as the union of the £; forms an RRS so in particular,

all the matrices from the sets £;, £; for i # j are incongruent modulo I
We have derived the equation

> wr¢) = > wi(Q) =Y wy(Lj.2) (3.5)
j=1

cetr(z) CE{IL12], o [Lom-21}

and if we define n; :=ny;,nj ;= ﬁL\J then we have moreover derived that

ne n; "
> SwiO= Y Q=) ez (36)
¢ 1 1 "l
¢etr(oo) ce{[L1.2],,[Lim-2]} j=1
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We now make a case distinction on whether z = 00,2 = 4,2 = 9,2z €
H\ {oc0,14, 0}. In each case we must clarify the role of o; first:

Ist case: z = oo The generator of SfQ(\Z)OO is § = ®(U) = U in this case.
?\etting Sj/\: Lj(ﬁ")LjflAto be the/g\generator of SLQ(Z)Lj.OO and noting that
Um e L;'TL; <= Lj(U")L;" €T leads to

oj =min{n € N | U" € L;'TL;}
=min{n € N | Lj(ﬁ")Lj_1 el}
=min{n € N | S;?GIA“}

— i, =7 (3.7)
Also note that

NL; = NL;S = oo = Ny goj-1, (3.8)

because L;.0o = L;.S.00 = ... = L;.8% .00 — solely because S.co = oo —

and n, does only depend on the point z. All in all we obtain:

CEtZr(:OO) Ziwf(o = ; g (L;2) (from (3.6))

I
[
s |3)
£
=
=
&

j=1""
m o;—1 1
=> > —wrly. 2 ) (nj = 0; by (3.7))
j=1d=0 7 —§d.,
m o;—1 1
=> w(L;.8%2)
=1 d=o ""L;s?
(as nj = np; = ng ga for all d by (3.8))
_ N wrle)
LeR "L
N,
=y =L (3.9)
nr
LER

The last line in (3.9) does not depend on the concrete RRS: given R and
R, the mapping L € R — [the Lin R with L = TL for some T € Iis a
bijection and Np,ny do only depend on the orbit in the sense that n .z =
nZ’NTZ = Nz, see 3.0.2.
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Consider the fixed RRS R’ = {L/, ..., L,,} used to construct ¢g from f in
Theorem 3.2.1. We can consider the homogenized version

R=®(R) = {B(L}), ..., D(L,)}

Note that this is not necessarily a RRS for ng(?)/f Depending on whether
or not —Id € T', there are two possibilities: If —Id € T', then R actually is
an RRS by 2.1.8(c). We also have |®(R’)| = |R/| and

®(L)).00 = L}.00,...,®(L.).co = L.
and therefore
ML) = Na(L)).00 = MLhoor  Nor)) = Naw)).o = N oo

see 2.3.5 and 2.4.10. Therefore, in the last sum of (3.9), we can switch
from R to ®(R') (as both are RRS for the homogeneous versions) and then
from ®(R’) to R’ (as they coincide in terms of amount of members and
movements) and obtain

ne N Ny Ny, Ny,
Z %Wf(O - nij: B Z nL/ - nL/l et nL/u = wy(o0)
Cetr(oo) Ler b per E Ly L,
N/ N/
As wy(00) = L + ... 4+ —Zu by Theorem 3.2.3.

’I’LL/1 nL&
If —Id ¢ T, then things look different: by Lemma 2.1.8, u is even and
precisely half of the L collide in the sense that we find G UNEPRS Gyallin

such that
Ly =Gi(=LY), s Ly = Gu(=Ly)

uw 2

and R := {®(L1),...,®(Lx)} forms an RRS for ng@)/f When switching

from R to R we see that half of the summands disappear. However, since

3.0.2 2.3.5 2.3.5
BLigrs) = "C(gap(CLy) T Ly T DeLiz T NI (3.10)
and
— 3.02 2.4.10 2.4.10
Nty = No o = Nopp 7= Nopr 7= Nary - (310)

for all 7 =1,...,u/2, we can put them into the sum again:
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cetr(oc) er "t R
Nea(r7
- 1 9. Na1y) 4 ®(Lly)
2 Na(L)) ne(r,)
2
[ N / N ,
_ 1 [ Newy T 2y N Nary) - Newy)
2 n(I)(Lll) n@(L/%) n<I)(L/1) n@(L’%)
[ N, Ny
1 NLI Ly Ly Ny,
S (e S AR S
2 TLL/ nL, nL/ np
! bl (%+1) u

(by (3.10), (3.11))

= %wg(oo)

2nd case: z = ¢ Here, S = £V and o; takes the role of the "opposite" of
the size of the stabilizer I'f;.i meaning that

oj=1 <= O(L;VL;') €T <= [L;.z] € Bp(T) = [Tp, =2
and
0j=2 <= O(L;VL;) ¢T <= [L;.2] ¢ Bo(T) = [Ty, =1

because of the all-or-nothing-principle of the stabilizers (see section 2.2).
Moreover, no other value can be taken by o; apart from 1,2 as <I>(LjVLj*1)
is of order two as V is. After we resorted the oj, we can assume that
o1 =..=o0,=1and 0,41 = ... = oy, = 2 (ie. iff. Ljy.i,...,L,.i are all
contained in Eo(T") and L;41.4, ..., Ly,.i are not), then

R ={L1,.... Ly, Lys1, Lys1V, ..., Ly, L V'}. (3.12)

Again, let R’ be the RRS that was used to construct g from f and let
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—Id € I'. Computing the order of g at z =i we see that
1. 1 .
iwg(l) = §w(HLeR’ fL)(Z)

= % Z wa(i)

LeR!

1 ) .
=3 D wigrays () Fw(gory (i)
—_————

’
LeER -

1 .
=3 Z wy(L.7)
(see Lemma 3.0.1 and cp. Lemma 3.0.2(i))

_ % S wy(Ld)

LeR

(term is independent of RRS, cp. case z = o0)

= L wp (L) o wp (L) +

2
wi(Lrg1.8) + wp(Lpg1 Vi) + oo+ wp(Lip.i) + wy (L Vi )]
1 . .
= 5 Z Wf(Lj.Z)-i-%'Z‘ Z Wf(Lj.Z)
je{1,...m}, je{1,...,m},
Lj.iEEQ(F) L]'.i¢IE2(F)
1
=5 > WO+ D wr(Q)
¢etr(s), ¢etr(d),
CEEL(T) CEE2(T")

(3.13)
If —Id ¢ T, analogously to the case z = oo, we obtain

Syl = 35 3 wp(L)

LeR!

= % Z wy(L.1)

LeR



3rd case: z = o Completely analogous to the case z = ¢ with the factors
1/3 instead of 1/2.

4th case: z % i, 0: Here, S = ®(ID) as ng(\Z)z = {®(Id)} (see thm.
2.2.10) so o; =1 for all j and thus, as in (3.13)

wg(2) = Z wy(L.2)

LeR/

Where ¢ =2 if —Id ¢ T" and 1 otherwise. O
For convenience we define the set

J = {CGH/% |32€F1 : CGtT(Z),C%Eg(F),C%Eg(F)}

We have therefore shown the k/12—Formula for modular forms of integer
weight for arbitrary subgroups of finite index (compare with [Sko 92], note
that in the notation used there, ordr.(f) = wf(L.0c0)/nr):

3.2.6 Theorem (k/12 — Formula). Let T" be a subgroup having finite index
in SLo(Z) and f be a modular form of integer weight k for T unequal to the
zero form, then the following identity holds:

—

Y Bup 0ty Y w0t Y wrOrYwyte) = 2D

¢ceau(r) CEEA(T) CEE5(T) ceT

Proof. Construct g according to Theorem 3.2.1, then apply the usual k/12 —
Formula for modular forms for SLy(Z) and then apply Theorem 3.2.5 to the
four terms in the total order of g to obtain complete description of the orders

of f:

ne 1 1 kSLy(2Z) : T
> ne O3 D wilQOtg D WO wrQ) =
¢ecu(l) CEE(T) CEE(T) egJ

And this is the identity claimed as

1 ‘ [SLQ() ] [L() ] it -IdeTl
E[SLz(Z).F] { [SLa(Z g [SL :T] otherwise

by Lemma 2.1.8. O
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Remark the right hand side depends on the index of the homogenized
versions of the groups and not the index itself. This is due to the fact that

we choose R to be an RRS of ng-(\Z)/f and not of SLy(Z)/T.

3.2.7 Remark. Whenever we speak of the k/12 — Formula, we mean the
verston for modular forms of integer weight for arbitrary subgroups of finite
index. The result can be proven to be correct even for weaker definitions of
the term "modular form" (see [Ra 77]). The term on the left is called the
total order of f, for short: tot(f).

3.3 A first consequence of the £/12 — Formula

As mentioned in the introduction, we need three ingredients to show that
the modular forms of integer weight form a polynomial ring. Point @ was
an upper bound of the dimension of the space of these forms. This is what
we will obtain from the k/12 — Formula now. We will heavily rely on the
assumption that all modular forms are holomorphic, i.e. wg(z) > 0 Vz € H.

3.3.1 Definition. Let I' be a subgroup of finite index in SLy(Z). We define
the vector space My (") to be

My(T):={f | f is a modular form for T' of weight k}.

That My (") actually is a vector space can be shown by some direct
computations. We can give an upper bound on the dimension of M (T'):

3.3.2 Theorem (Dimension formula). Let T' be a subgroup of finite index
in SLo(Z), then for any k € Z we have

0 if k<0
dim(M(T')) < . V[sfi(;zyﬂJ ifk>0

Proof. The first case is clear as the right hand side of the k/12 — Formula
is always nonnegative (but the right hand side — which equals the left hand
side — would be if there was any modular form with negative weight). Set

Let z1, ..., x5 be points in H that are neither congruent to ¢ nor to ¢ modulo
I'. Finding such points is easy: As F; is a proper fundamental domain,

28



we have an uncountable stock of points that are incongruent to ¢ and p
modulo SL2(Z) (we may simply select n points from F; unequal to ¢ and
0). Since a congruency modulo a subgroup is in particular a congruency
modulo SLy(Z), they are also incongruent to i, ¢ modulo any subgroup T'.
The homomorphism of vector spaces

U My(T) = C" 0(f) = (f(@1); s f20))

is injective. Indeed, if f(x1) = ... = f(x,) = 0 but f is not the zero form
then wr(x1) > 1,...,ws(x,) > 1 and as they are all incongruent to i and g,
these terms are summed up in the last sum, so

—

or(f) = 3 wp(O+y D wrOg X w3 w0

cecu(T) ¢ CEE4(T) CEE4(T) €T

>0 >0 >0
(

> wi(Q)

ze€J

—

k[SLy(Z) : T
12
— tot()
(by the k/12 — Formula)

a contradiction. O

3.3.3 Definition. Let T' be a subgroup of SLy(Z) having finite index. A
modular form f for I' is called a cusp form if it "vanishes at all cusps”, i.e.
if for every cusp L.oco, wy(L.co) > 0. The vector space of all cusp forms of
weight k will be referred to as Sk(T).

3.3.4 Theorem (Dimension formula for cusp forms). Let T’ be a subgroup
of finite index in SLa(Z), ¢ = |cu(I')| its total amount of cusp orbits and r
be the amount of reqular cusp orbits. Then for any k € Z we have

0 FOSk <5 0n
dim (S () < (5L (Z) 1]

—

n V[ﬂig/zm_ﬂ else
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Proof. If k < 0 then there is no modular form at all and in particular no
cusp form apart from the zero form by the usual dimension formula. Let
k € N and set

0 if0<k<rbe 12
[STLo(Z):T]

14 V[SL?;@N_;J else

As in Theorem 3.3.2 we find points x1, ..., 2, in H (in the first case we do
not need any point at all) that are neither congruent to ¢ nor to ¢ modulo
I'. Again we consider the homomorphism of vector spaces

U My(T) = C W(f) = (f(21), s f(2n))

and show that it is injective: Assume f(x1) = ... = f(z,) = 0 but f not
being the zero form, then the k/12 — Formula is applicable. Note that since
(j is regular for j < r, we have n¢, = n¢, by definition of regularity in this
case whence for j > r, by 2.3.8, we have n¢, /n¢, = 1/2. This leads to

i) = Y @ty Y wtg 3w+ Y w0

cecu(r) ¢ CEEL(T) CEEL(T) ceg

>0 >0 >0
s C 1
> wp(G)+ D pwr(G) 4
i=1 i=r+1
— 1)+1
>7r+ c(r—;—)—f— +n

r—+-c
= +n

k[SLo(Z) : T
12
— tot(f)

a contradiction. O

4 The polynomial structure of the rings of modular
forms

In this section we finally want to show that the vector space

M, (L) =Y M(T)

keZ
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is equal to the set C[fo, go] where fp, go are modular forms for the subgroup
I' for I' € {I'0(2),I'1(3)}. In other words: the ring spanned by all modular
forms of integer weight of these subgroups forms a polynomial ring in two
fixed modular forms. Note that M, (I") is not the set of all modular forms
of integer weight. This set is contained in M, (T"), but indeed, M, (T") also
contains sums of modular forms of different weights which are not again
modular forms because every summand transforms in its own weight.

A direct computation shows that M, (I') can be enriched by the usual
multiplication: if f, g are modular forms of weight k,[l then f - g transforms
like

(f - 9)(Tz) = f(T2)g(T2) = (T : 2)"(T : 2)'(f - 9)(2) = (T : 2)*'(f - 9)(2)

and since we have characterized the holomorphicity at the cusps via limits
in Theorem 2.4.7, we see that f-g is holomorphic at the cusps solely because
for every cusp L.oo,

lim (f-g)u(z) = lim ——— f(Lz) - g(Lz)

Z—100 Z—100 (L : Z)
. 1 :
- zl—1>Iznoo (L : Z)kf(Lz) . zl—1>Iznoo (L . Z)lg(LZ)

= lim fr(2)- lim gr(2)
Z—r100 Z—>100

= fr(ic0)gr (ico)

exists. We have therefore already shown that M, (I") is not only a vector
space but also a ring with multiplication defined component wise, i.e.

ALfr 4 o Anfn) % (0191 + oo+ pimgm) = > Nigsy (fi - 95)

. ———
Shen o)
and since everything behaves as usual we will just write the symbol "-" in

place of "«". From the point of vector spaces we now first decompose M,
into smaller spaces:

4.0.1 Theorem. Assume that in I' there is a matriz T = (‘Cl g) such that
¢ # 0 then M. (') is a graded ring, i.e.

M,(T) = 5 My(T)

keN
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Proof. Let fi,..., f, be modular forms all unequal to the zero form coming
from pairwise different spaces My, (I'), i.e. f; is a modular form of weight k;
and k; # k; for i # j. Formally we prove the claim by induction on n but we
will present it in a step by step way as this is more readable. After resorting
the f; we have k1 > ko > ... > k,. Assume we have a nontrivial combination

Z)\zfl(z) =0VzeH (1)
=1

As this is a functional equation that holds for all z € H we also may substitute
Tz for z. Since all the f; satisfy condition (IT), this yields the functional
equation

0= Z)\Zfz(z) = Z A”‘;(Tz) = Z )\Z‘(CZ + d)k’fl(z) VzeH (ii)
=1 =1 =1

from this we obtain

0= (cz + d)* (i) — (i4)

=\ 1(z) + Z Ai(ez 4+ d)klfi(z)

=2

- 1(z) — Ai(ez + d)kifl-(z)
i=2

= i Ail(cz + d)fit =k _(cz 4+ ayki] f;(2)
=2

= Xi(ez + d)M[(cz + ) 7F — 1] fi(2) (iii)
=2

Continuing by substituting Tz for z i.e. fi(Tz) = (cz + d)¥ fi(2) in (iii)
yields
0="> X(ez +d)* [(cz + )" ~* — 1] fi(2) (iv)
=2

Computing 0 = 0 — 0 = (cz + d)} - (iii) — (iv), we obtain analogously to the
computation of (iii):

0= i Ai((cz + d)Fithe _ (cz + d)%i) [(cz + d)F =% —1]fi(2) (v)
=3
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Observe how the sum shrinks step by step. Continuing in this way we arrive
at the n-th summand with an equation of the form

0= Anp(2)fn(2) (2n)

where p(z) is some polynomial in z having some power of ¢ as exponent of
the leading term. Here we use that ¢ # 0 so p is not constant hence it must
have a finite number of roots in the field C, say 21, ..., 2qeg(p). 1f We select
any zg € H unequal to those finitely many roots of p and also unequal to the
zeros of f,, (which is possible as the zeros do not accumulate), we obtain

0 = Anp(20) fu(20) (2n)
N ——
20 20

and finally that A, = 0. We substitute this into equation nr. (2n — 2):

0 = Ao1P(2) fr1(2) + Anp(2) fn(2) = An1P(2) fn-1(2) (20-2)

and obtain in the same manner as above that A\,—_; = 0. Continuing in
this way we have shown that all A\; are equal to zero hence that the sum is
direct. O

The sense of this step is to reduce the structural analysis of M,(I") to
the analysis of the My(T") spaces. In order to examine these further, we will
create a certain number of linearly independent modular forms and then use
the dimension formula to show that we have indeed found a basis. In order
to create a lot of different forms from two basic ones we will now derive a
sufficient condition. Before doing that we will need a small definition:

4.0.2 Definition. Let T' be a subgroup of SL2(Z), f a modular form for
I' and z = L.co a cusp, then we say that f(z) = f(L.co) = ¢ for some
¢ € Ciff. lim, 00 fr(2) = ¢. Note that this does NOT mean that also
lim, 7, cocp f(2) = ¢ we just use this as an abbreviation.

4.0.3 Theorem. Let I' be a subgroup of SLa(7Z) and f,g modular forms

of weights ki,ka € N\ {0} and let 21,20 € H such that f and g behave
"differently” at these two points, i.e.

f(z1) #0, g(21) =0, f(22) =0, g(z2) #0

Then these two modular forms are algebraically independent in the sense that
for every polynomial P(z,y) € Clz,y], P(f,g) = zero on H implies P = 0
where "0" means the zero polynomial.
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Proof. We will first show that the assertion is correct for any polynomial of
the form
si(z,y) = Z aijx'y’.
kiitkoj=k
Note that s is not a homogeneous polynomial as the degree may be different

for different summands. The summands only satisfy some linear relation!
Define

S :={P | P is of the form sj for some k € N and

_ (4.1)
P(f,g) = zero on H and P # 0}

and assume on the contrary that the assertion was false, i.e. there was a
polynomial P € S having a structure like si for some k = k(P) € N then
we can also require P to have a minimal k. We will show that there is a @
having a structure of s; for [ < k and still Q € S. Write P in the form

P(z,y) = Zaz‘jxiyj + Z az‘jﬂciyj + Zaijxiyj

J=0 i¢51§¢o i=0
=a-x°+xy Z aga Ty T 4 -yt (4.2)
010
=Q(z,y)

where ¢ = k/k1,d = k/ka, a # 0 only if k1 | k and b # 0 only if k2 | k. Note
that k(Q) = k(P) — k1 — k2 < k(P) as k1 # 0 and ky # 0. We will show
that a« = b = 0 anyway: into (4.2), we substitute z = f,y = g and obtain a
function in z. If we further substitute z = 21, we have

0=P(f,9)(z1) = a- f(z1)° + f(21) g(21) Q(f,9) + b~ g(21)" =a- f(21)°
—— "~ —
=0 =0 #0

so a = 0. Analogously, substituting z = zy gives b = 0. Using continuity
arguments and the fact that zeros of holomorphic functions unequal to the
zero function do not accumulate, we 'cancel out’ f and g and see that Q(f, g)
already is the zero function. Thus we arrive at the contradiction. This only
works if z; and 29 both are in H and not in Q. If for example 2; is a cusp
then we may not substitute z = z; in the above equation. We then proceed
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as follows:

P(f,9)(2) =0 Vze H
1

(L:2)k

——
#0VzeH

w0 (JW " Z ((Lffjkl ) ((ng(zkz )j

((Lg > (Vz € H)
L

P(f,g9)(2) =0 Vze H

=0=a-fr(2)°+ fu(2)9r(2)Q(fr,g1)(2) + b - gr.(2)*
= 0= lim a- f1(2)° + f1(2)92(2)Q(fr. 91) (=) + b g1(2)"

= a - f1(ic0)" + fL(ic0) gL( 00) Q(fr,gr)(i00) + b - g1 (ic0)?
=0
=a- fr(ico)¢
——
#0
Hence, a = 0 also follows in this case and analogously b = 0.
Note that
sk(f,g9) =zero = s, =0

is the assertion that we will actually need afterwards. The following general
case is just for completeness: Let

1=1,....,n
Jj=1,....m

be a polynomial such that P(f,g) = zero i.e. P(f,g)(z) =0 for all z € H.
We first rewrite the polynomial as

P(z,y) = Z ajz'y’ + Z aijx'yl +...

k1i+koj=1 ki1it+koj=2

s1 (:;,y) s2(z,y)

As the sum over the sets M (T"), Ma(T), ... is direct and si(f,g) € My (D),
P(f,g) = zero implies that for every summand,

sk(f,g) = zero

must hold. Hence, by the first step, s = 0 for all £ and thus P =040+
+0=0. O
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4.1 Preparatory parameters

Recall from basic number theory Euler’s totient function
¢:N—N, ¢(n) =|(Z/nZ)"|

where the asterisk means "the set of units in Z,,". One can show the following
result:

4.1.1 Theorem. Let N € N and p{* - ... -pZ’“ its decomposition into prime
factors then the indices of the inhomogeneous (/) wvariants can be computed
to be

k
ST2(Z) : To(N)] = N (pl + 1)

[SLa(Z) : T1(N)] = ¢(N) - [SL2(Z) : To(N)]

In particular
[SLy(Z) : To(2)] =3, [SL2(Z) : T1(3)] =8

and since —Id € T'9(2) but —Id ¢ T'1(3), we have by Lemma 2.1.8

—_— —_—

[SL2(Z) : To(2)] =3, [SL2(Z):T41(3)] =4
Furthermore one can show that

cu(l'o(2)) = {[0], [oe]} = cu(T1(3))

Proof. See |Ga 07], section 2.5 and for a sketchy proof for the amount of
cusps see [Sko 92]. O

4.2 The case I'y(2)

The following ingredient is the last one needed for simplifying the k/12 —
Formula for I'y(2):

4.2.1 Theorem. The subgroup T'g(2) possesses only one fixed point orbit.
More precisely we have

Ea(ro(2) = { |7 = 31+ 0] } ana Bacrocz) = )
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Proof. Concerning E3(I'g(2)). Assume that there is a point z € H such that

2 € Ey(Do(2)) ice. z = L.p and ®(LPL™') € Ty(2) so that either +LPL"!
or —LPL™! are in T'y(2). We now show that both cases are impossible. For

£ — (11 lz) then L~! = (}113 _lf2> and therefore

(L0 1\ [l 1y
ELPL _i(zg w1 g
* *
==+ <l2 + 12+ L3 *>

( > mod 2 (as =LPL™ € T(2))

—"in Zs. A direct case-by-case analysis

and the +-sign is gone as "+ =
shows that

B4+ +hlz=Il34+1 +1l3=0 mod 2
is only possible if [y =13 =0 mod 2 s0 2|1y, 2| I3 and thus 2 | det(L) =1,
a contradiction.

Concerning E9(T'9(2)). We first show that |Eo(I'g(2))] = 1. Let z =
L., 2/ = L'.i both be representatives of orbits Eo(T'g(2)), then we have to
find a matrix T € T'9(2) such that T.z = 2’. The candidate is clearly L'L ™1
as

UL =LA Ti=Li="7.

Since z, 2" € Eo(To(2)), ®(LVL™Y), ®(L'V (L)1) € Fo( ). Therefore
-1 L 1) (0 -1 i —lo
VLT == <13 S A A
*
-7 <l4 +13 *)
( > mod 2

l4—|—lgzli+l§EO mod 2 —=l4y =13 mod 2.

S0
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and analogously 1), =15 mod 2. Hence,

AN i l —1
rr—1 _ 1 2 4 2
b= (lé lﬁ;) <—13 h )

* *
= B -1l = ¥ *
g (RS = (e g
=l =lq
and therefore L'L™1 € Ty(2). It remains to show that W really is a fixed
point. A direct calculation shows that

-1 1 0 -1 -1 1
I'= (—2 1> - (1 —1> (=V) <—1 0)
has W as a fixed point and lies in I'y(2). O

Before we simplify the k/12 — Formula and actually make use of it we
clarify that all cusps are regular. This is easily checked: oo is regular as
nig =nrg =1 and 0 = Voo = ({ ') .00 is regular as V, (=V)) ¢ I'¢(2) but
(%) =V2=(-V?) mod 2 are both contained in I'y(2) so ny = ny = 2.
This assures that the sum over the orders at the cusps only contains integer
summands. -

With this, [SLa(Z) : T9(2)] = 3 (see thm 4.1.1) and the proof that there
is only one fixed point (orbit) modulo I'y(2) we simplify the k/12 — Formula
for T'p(2):

wy(oo) +wyr(0) + %wf(W) + Z wi(C) = %
ceJg

There exists no modular form f of negative weight by the dimension formula.
One more useful consequence is that f cannot have odd weight neither for
if f had odd weight, the left hand side would have a non-integer-part of 1/2
while the right hand side would have 1/4, i.e. a direct computation shows
that for naturals m, n, k we can never have the relation m+n/2 = (2k+1)/4.
We have therefore already shown that

M.(To(2)) = @5 My(To(2))

keN
k even

Substituting the concrete existing modular forms ¢ and ©s from Theo-
rems 2.5.7, 2.5.9 into the simplified k/12 — Formula, we obtain:
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Wy (00 )+w@()+ w<p +Zw¢ =1
ceJ
>1

Since all terms are nonnegative, we can actually conclude that

otherwise the left hand side would be strictly bigger than 1 which is impos-
sible.
Finally this gives us the first part of the puzzle we desire for:

p(00) =0, (W) #0, (4.3)

where ¢(00) = lim, 00 ©(2).
For ©5 we obtain

1
w®2(00)+w@2(0)+ Jwe (W +) we(() =7 =
Ceg

Since all terms are nonnegative, we can conclude that
we,(00) =0, we, (W) =1,

otherwise the left hand side would be strictly bigger than 1/2 which is im-
possible. Again, the k/12 — Formula reveals the zeros of the modular form:

@2(00) 7é 07 @Q(W) =0. (4.4)

Using Theorem 4.0.3 on ¢ and O which behave differently at two points
according to (4.3), (4.4), (note that the term "different behavior" in this
theorem also includes "different behavior at the cusps") we now know that
p, ©9 are algebraically independent. With this, we can realize step @, "we
can construct these x essentially different modular forms" from the intro-
duction .'Essentially different’ here means linearly independent. Since odd
weights cannot occur, let k be a given even natural weight, then

@ék/2)9007 ng/2)_2901, @ék/Q)_4QP2 @gk/2)—27"gpr

g eeey g eee

are linearly independent modular forms of weight [(k/2) —2r] -2+ 1r -4 =
k —4r + 4r = k. We can do this as long as

g—QTZO <— EZT — U;J%—lzr (since r € N)
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So we find |k/4| + 1 linearly independent modular forms. Now step @
from the introduction comes into play: the dimension formula implies that

dim(My(To(2))) < |kISLa(Z) : To(2)]/4] + 1= [k/4] +1

Consequently, we have already found all modular forms of weight k& and
therefore have shown

4.2.2 Theorem. Set r = |k/4| + 1, then
My(To(2)) = Ling(0%2, 0522, . 05272 45r) .= Ny(To(2))

and therefore

M.(To(2)) = @ Mr(To(2) = €D Ni(T0(2)) = C[Os, ]

keN keN
k even k even

4.3 The case I';(3)

Analogously to the case of I' = I'g(2) we need some more knowledge about
the fixed points:

4.3.1 Theorem. The subgroup T'1(3) possesses only one fixed point orbit.
More precisely we have

Ba(1a(3) = 0, and Ba(s3) = { @ = 53+ v }

Proof. Concerning Eo(I'1(3)). Assumne that there is a point z € H such that

—

[2] € Eo(T1(3)) i.e. z = L.o and ®(LVL™') € I'y(3) so that either +LV L™!
or —LVL7! are in I';(3). We now show that both cases are impossible. For

if L= (g ii) then L™1 = (33 _lfQ> and therefore

lh 1 0 —1 l -

-1 __ 1 2 4 2

vt =) () (G W)
_ 4 loly + 113 *
- R WA

= (é D mod 3 (as LVL™! € T1(3))

For x,y € Zs we have the following possibilities (all values modulo 3):
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Table 2: Computations in Zs
)

oy 2y wmy P4y’ At +yi4ay
00 0 0 0 0 0
01 0 1 0 1 1
02 0 1 0 1 1
10 1 0 0 1 1
11 1 1 1 2 0
12 1 1 2 P 1
20 1 0 0 1 1
21 1 1 2 P 1
2 2 1 1 1 2 0

We see that

B+12=0 mod3=13=10,=0 mod 3

o —

and therefore 3| det(L) = 1, a contradiction. In the case —LVL~! € I'y(3)
nothing changes because

I34+13=0 mod3 <= (~1)({3+13)=0 mod 3

Concerning E3(I'1(3)). We first show that [Eg(I'1(3))| = 1. Let z = L.i, 2/ =
L’.i both be representatives of orbits in E3(I'1(3)), then we show again that
L'L™' € Ty(3). Since [z],[?] € E3(I'1(3)), ®(LPL™ 1), ®(L'P(L)™!) €
ﬁ(?). It cannot be the case that +LPL~! € T'y(3) as

+LPL' = <(1) ’{) mod 3

1 =%

— 1 =tr(P) =tr(LPL™ ") =tr <o )

) =2 mod 3
This means —LPL~! € T'1(3) and analogously —L'P(L')~! € T'1(3), so

i (LY [(0 1\ [l Dy
LPL— = <13 L)\1 1)\~ 0

. —lls + lsls — lsly *
o (—1)(& + l% +U3ly) Uls — 111y + 1oy
1

k
= <0 1> mod 3
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We have l3 = Iy = 2 mod 3 (compare the last column of Table 2). Substi-
tuting this into the diagonal entries we obtain

—lm—&—%—%zl mod 3, M—M—i—lgle mod 3. (4.5)

The case z = 0 cannot occur as otherwise 3 | I3,l4 = 3 | det(L) = 1.
Also note that due to (4.5), the values of I; and ls (modulo 3) are uniquely
determined once x is determined. Completely analogously one shows that
0 = 2’ =I5 =1 and equation (4.5) holds for L’ too.

With
A l —1
rr—1_ [t1 o 4 2
v ‘(lg za) (—ls l4>

Ll — 18l «
= Lty — 13, 1Ll — 1ol

_( xhi—1) *
T \zx —z' =0 (L — 1)

we see that in all four cases either +L'L~! € T'1(3) or —L'L~! € T'y(3)
(compare table 4.3), and since £L'L ™1z = 2/ we have [E3(I'1(3))] = 1.

Table 3: Cases for z, 2’ and resulting matrix L'L_; ( mod 3)

E AN 'L
1 1]-1 1 1 1 -1 1 1 1 () =01
1 2/-1 1 1 1 1 2 2 2 (152)2(j2) =(3' %)

2(—2 * _ (=1 x
2 11 2 2 2 1 1 1 1|(*?. ) =0"n)
2 2|1 2 2 2 1 2 2 2 (Z5) =011

It remains to show that @ really is a fixed point. A direct calculation

shows that
r=(50)=0 )en(G)

has @ as a fixed point and lies in I';(3). O

—_—

After verifying that all cusps are regular, using [SL2(Z) : T'1(3)] = 4,
cu(T'1(3)) = {[oc] , [0]} (see thm 4.1.1) and the result above we can simplify
the k/12 — Formula for T';(3):

wr(00) +wp(0) + %wf(Q) + Z wr(¢) = g
eg
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Note that although the index [SLo(Z) : I'1(3)] is 8, for the k/12 — Formula

we need the index [SLo(Z) : T'1(3)] which is 4 = 8/2 due to Lemma 2.1.8
because —Id ¢ I'1(3).

We now proceed completely analogously to the case of I'g(2). Again, no
modular form with negative weight exists, i.e.

3)) = @ Mi(T1(3))

keN

Substituting the concrete existing modular forms ¢ and ©; from Theo-
rems 2.5.7, 2.5.9 into the simplified k/12 — Formula, we obtain:

0y (00) e (0) + 7 Sop(@Q)+ Y wu(Q) =5 =1
T ceg

Since all terms are nonnegative, we can conclude that

wy(oo) =1, wy(Q) =0,

otherwise the left hand side would be strictly bigger than 1 which is impos-
sible. This directly implies

P(oo) =0, Y(Q) #0, (4.6)
where 9 (00) = lim,_yj00 ¥(2).
For ©1 we obtain
we, (00) + we, (0) + CU@I )+ Z we, (€) =
eg
Since all terms are nonnegative, we can conclude that

we, (OO) =0, w®1(Q) =1,

otherwise the left hand side would be strictly bigger than 1/3 which is im-
possible. Again, the k/12 — Formula reveals the zeros of the modular form:

O1(c0) £0, 61(Q) =0. (4.7)

Using Theorem 4.0.3 on ¢ and ©1 which behave differently at two points
according to (4.6) and (4.7), we now know that 1, ©; are algebraically inde-
pendent. Let k& be a given natural weight, then

Oy’ 0f P! o 0y?, . ef Iy, .
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are linearly independent modular forms of weight (k —3r) -1 +1r -3 =
k — 3r + 3r = k. We can do this as long as

k k
k—3r>0 < §2r — {3J+127’ (since r € N)

So we find |k/3]|+1 linearly independent modular forms. The dimension
formula implies that

dim(My(T'1(3)) < |KIST2(Z) : T1(3)]/12] +1 = [k/3] +1

Consequently, we have already found all modular forms of weight k and
therefore have shown

4.3.2 Theorem. Set r = |k/3] + 1, then
M,(T'1(3)) = Ling (64, 07 %, ..., 0 "4") == Ny(I'1(3))
and therefore

M.(T1(3)) = @ M(T1(3)) = @ Ni(T1(3)) = C[O1, ¢

keN keN
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